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CHAPTER 1 

FUNDAMENTAL CONCEPTS OF COMPLEX 
ANALYSIS 

1.1. Introduction 

In the field of real numbers, the equation x +1=0 has no solution . To 
permit the solution of this and similar equations, the real number system was 
extended to the set of complex numbers. Euler introduced the symbol i with 
property that i 2 = -1. He also called i as the irnaginary.unit.^. number of 
the forma + ib , where a,b are real numbers, was called corhplex.number. 

Vx '\ . 

If we write z = x + iy , then z is called a complex, Variable. "'Also x and y 
are respectively called real and imaginary parts of z .'Sometitnes we express 
z as z = (x,y). V \\ V' 


we also write \ 

\ \ \ 

Re(z) = x, Im(z) = y. X... '■“ 

If x = 0, i.e., z = iy, the z is called purely imaginufy number. 

If y = 0 i.e., z-x then zis called purely real number. 

The complex conjugate, or briefly conjugate, of 

. . _ \ Y~ 

z = X + iy is z =x-iy. v>.._ 

For example conjugate of -3 - 5; is - 3 + 5;. 

It is easy to verify that 

Re(z) = x = ^,Jm(z) = y = ~-. 

Geometrical Representation of Complex Numbers 

Consider the complex number z = x + iy, 

A complex number can be regarded as an ordered pair of reals i.e. z = (x, y ) 

This form of z suggests that z can be represented by a point P whose co¬ 
ordinates are x and y relative to rectangular axes X andT. 

To each complex number there corresponds one and only one point in the 
xy -plane and conversely to each point in the plane there exists one and only 
one complex number. Due to this fact, the complex number z is referred to 
the point z in this plane. This plane is called complex plane or Gaussian 
plane or Argand plane . The representations of complex numbers is called 
Argand diagram .The complex number x+iy is called complex co-ordinate; 
and x and y axes are respectively called real and imaginary axes. The 
distance between the points z, = jq + iy x and z 2 = x 2 + iy 2 , is 


I z i-z 2 | = y (x,-x 2 ) 2 +( yi -y 2 ) 2 


Tut ymtr Own Mftss 


5 : 


‘'-P'PTPP 


\ 



The complex number z is called affix of the point (x,y) which represent it. 
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1.3. Polar Forms of a Complex Numbers P (x, y) 

Consider a point P in the complex plane corresponding to a complex 
number z = x + iy. From the adjoining figure. 

X = r COS0 , i> = rsinfl 

Then r = ^(x 2 +y 7 ) -jx -i ;j'| = |z] 

0 = tan -1 (y/x). 

If follows that z = x + iy 

= r(cos0 + z'sinG) = re ie - \ ...(l) 

It is called polar form of the complex number z. x 

r and 0 are called polar co-ordinates of z. r is called modulus or absolute ~ 
value of z. s.f' v 

(Modulus of any complex number‘d -is-equal to distance. cif that point from 
the origin). The angle 0 which the line OP makes. WitK the positive x-axis is 
called argument or amplitude of z. It is also written^-. 

\ \ 

9 = amp(z) or0 - arg(z). \ — 

\ 'V-~ 

The argument of z is not unique, since theeqtiation (l) does not alter, if we 
replace 0 by 2jr+ 0. So 0 can have infinite nurhber of values which differ 

from each other by 2it. In order to specify a.unique value of arg(z), we 

\ % ^ 

may restrict its value to some interval of length 27i. For this we introduce 
the concept of “principal value” of arg(z) as follows: 

For an arbitrary z * 0, the principal value of Arg z is defined to be the 
unique value of z that satisfies-it <argz< 7 i- 0 < 7 t 

and it will be denoted by arg z. Thus the relation between Arg z and arg z is 
given by argz=Argz+2kx;k=0,±\,i2, . 

For convenience the set of all the values of Arg z is denoted by * arg z . 

In fact while inverting second equation in we should note the following 


Arctan [ — 


Arg z = 


it + Arctan 


—7i + Arctan 


if x > 0, y > 0 


if x > 0, y > 0 
and x < 0,_y > 0 


ity x<0 ’ 


y< o, 


Tut your Own M 


- if x — 0 t y > 0 ; j | 

~f ifx = 0,y<0 

Where Arctan AT is the principal value of the arctangent of a real number AT, 
satisfying the inequality. —— < arctan X <—. 
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Results: 

(i) The modulus of the product of two complex numbers is the product of 
their moduli. 

h-^bhl-N 

(ii) The modulus of the sum of two complex numbers is less than or equal to 
sum of their moduli. 

| Z 1 +Z 2NN + | Z 2|" 

(iii) The modulus of the difference of two complex numbers is greater than 
or equal to the difference of their moduli. 

| z l- z 2N z l|-| z 2|- , 



(iv)|zi+z 2 | 2 +|zi-z 2 | 2 =2 | Zl | 2 +|z 2 | 2 


\ \ \ '*■- 

(v) Equation of a circle the equation;'of a circle^ iri-the Argand plane can be 
put in the form. ^'\V* 

zY + bY + bz + c = 0 , 'X •— 

where c is real and b is complex constant.. IfV= a + i B then centre of 

\ ' 

the circle is given by (-a, -p) & radius .a 2 + p 2 -c 

\ 

Inverse Points w. r. t. A Circle \ 

Two points A(z = a) and B(z~b) are said to be inverse points of a circle 
with centre 0[z = z 0 ) and radius r if 0,A,B are collinear and OA.OB = r 2 . 

So that |a-z 0 |.|6-z 0 | = r 2 

Then arg (a-z Q ) = arg (b - z 0 ) = -arg(fc - z 0 ) 

This gives are (a - z 0 ) + arg- z 0 j = 0 

This => (a - z 0 )(b - z 0 ) is real and equal to r 2 . 

Hence => (a - z 0 ) ^6 - z 0 j = r 2 is the required equation. 

Deduction: 

(i) If z 0 - 0, then a and b are inverse point if ab-r 2 . 

Hence zi,z 2 are inverse points of the circle |z| = r if z x z 2 - r 2 . 

Finally zj,— are inverse point of each other w. r. t. \z\-r. 
z \ 

(ii) z = 0, z = oo are inverse point of each other w. r. t. |z| = r. 


mmsm I 
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Example: Show that inverse point of a point z = a w. r. t. circle |z-c| = r is 

j-2 

the point c + =r—=. 

a-c 

Solution: \z - c\ = r ■ • (1) 

Let B (b) is the inverse of A (a) w. r. t. circle (1) whose centre is C(c) and 
radius r . 

Then following conditions hold 

(i) CB.CA = r 2 

(ii) Lines CA and CB arecollinear V, , 

\ "X \ 

From above 'X"--._ 

\’V 


Tut yarn-Own Mbtes 


(i) =>|^-c||a-c| = r 2 . \XO' 

_ _ \ 

(ii) =>arg(6-c) = arg(a-c) = -arg^a-cj. {For arg^^arg^} 
0r,arg[(6-c)(a-&)] = 0 

\ X 

For arg(z(Z 2 )-arg z { + arg(z 2 ) 

This => (b-c)(a - c ) is real and positive--*- 
=>|(6-c)(a-c)| ==>(b-c)(a-c)^ 

, \ "v- 

Now (1) r=> |6-c|.|a-c| = r 2 

=> |(6-c)(a-c)| = r 2 

Using (2) we get 

\(b-c)(a-c)\ = r 2 

l r 1 
Or b=c+ -. 


• -(2) 




- -.• ••• , 

■ - - 

m& -v, hi; - te 
' . ... W%Msi .— i 


• - -- •* ~ ^ - ■ 
- - - - 1 ~ <- 

• X-' ■ 

^ * * 
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Stereographic Projectjpo and p«inl Set T<lpo|ogi| 
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CHAPTER 2 

STEREOGRAPHIC PROJECTION AND POINT 
SET TOPOLOGY 

We shall extend the complex plane C by adjoining one extra point at 
infinity which we shall denote by z = oo, i.e., we consider the extended 

complex plane C u (oo) as a closed surface having a single point at infinity. 

We shall then introduce a new metric to describe the behavior of a complex 
function at infinity and to map the points in C into thesurfaceofa sphere. 
This process will be referred to as stereographic projection. 

In fact such an extra point 'oo 1 is defined so as. to satisfy the following 
computational properties. v \ . ' 


Whatever be zeC 'x' 

z z 

— = 0; z + co = oo(z;£oo); — = oo(z^0); 


\ x 
’V' 


z.oo = c»fz^0);—= 0(z^ooV \. V-~ 

co 'C 

0 <00 \ 

We do not define -, co + oo, oo - oo and--, ST"—- 

0 V> "V ■■ 

We use the following construction due -do. Riemann. There are two 
commonly used methods, according as the complex plane C is the tangent 
to the sphere or passes through its centre . We shall use the first one. Now 
we set up a correspondence between the points of C and those of a sphere of 

1 ( n 

radius — with centre at 0,0,- tangent to this plane. (There is another 

2 y 2) 

method of correspondence in which the sphere of radius 1 has centre at 
(0,0,0) and the plane passes through (0,0,0). 

Let C be the complex plane. Through the origin construct a line 
perpendicular to C . Let this be £, -axis of a 3 -dimensional Euclidean 

space in which a point has coordinates (^,rj,<;). Consider the sphere S of 

1 ( 0 

radius — and centre at 0,0,— .That is 

2 l 2J 


^ = |(^.'n.<;)e J R 3 :^ 2 +Ti 2 +f<;-^l =j 

V 2) 4 


It is a common practice to call the points N and O with coordinates 
(0,0,1) and (0,0,0) the North Pole and South Pole of the sphere S 

respectively .The great circle in the plane q = -^-is called the equator. The 
plane q = 0 coincides with the complex plane C and that c, and r| axes are 


Tut your Own States 


1 

m 
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the x and y axes respectively. Letg(;c,y,0)be any point in the plane C . 
Through the points N and Q we draw a straight line NO intersecting the 
sphere S at a point say P(^,p,q). Then (£, r\-^) is called the stereographic 
projection, or image of (x,_y,0) on the sphere and is considered as the 
spherical representation of z-x + iy. This procedure assigns a unique point 
on S to every given complex number z. Conversely to each point (£,q,q) 
on the sphere other than N we can associate the complex number 
z=(x,y, 0) where the line from (0,0,1) through (^,r),g) intersects C . 

Now we immediately see that there is a one to one correspondence between 

V '" s \ 

C and the points of S with one exception, namely thc nortlr pole (0,0,l) 

• , X *~— — . '' ^ 

itself. By assigning to the north pole N of the sphere' to correspond to the, 
point at infinity, we obtain then a one to one correspondence between the 

points of the sphere S on one hand and the point-of tife - extended comples 

\ \ \ \ 

plane Cu{oo} on the obtain explicit equations-expressing and q in 

\ "\\ "" 

\ \ \ 

terms of xand y. The line in k passing through (0,0,1) and (x,y,0) is 
given by \ X 


{r(0,0,l) + (l-r)(x, 7 , 0 ):rei?); 

that is |((l-r)x,(l-r)>’,t):re^| 


VX 


Since this line intersects the sphere 
S, we must have 



C + [ 0-0-2 J 

U->(0,0,0) 
0->(x,y, 0) 


(l-r) 2 x 2 +(l-t) 2 j/ 2 + t~~ 

v L ) 4 

So that (l-r) 2 |z| 2 =/(l-r). 

If (^,r|,<;)?i(0,0,l)we arrive at 

|z| 2 1 

t= 11 i.e., 1 -t = - T 

1+ N 1+ N 

Using the fact that the points(0,0,l), N —> (0,0,l) 
(£,,r|,<;)and (x,T,0)arecollinear now yields P —> (^,r|,^) 



/■ y v" ,■, 

Hran 

WmSmi 

u.r.X.x "v 

■xj-'xm 


28A/ll, (First Floor) Jia Sara!, Hauz Khas, Near LLT, New Delhi-119816, Ft: (011)-26S37S27, Cell: 9999183434 & 9899161734, 8588844789 
E-mall: lnfo@dipsacademy.coni: Website: www.dlpsacademy.com 





















X 

z + z 

l + x 2 +y 2 

2fl + H 2 )’ 

y 

_ -'( Z - F ) 

l+x 2 +y 2 

2(l+H 2 ) 

x 2 +y 2 

1 |2 
rl 

l + x 2 + y 2 

_ i 2 ’ 

1 + Z 




that is z-x + iyeC corresponds to =(^,ri,0) 

{ __ l _ l^y 2 Xc 

l+x 2 +y 2, l+x 2 +y 2 ’l + x 2 +y 2 


z + z -i(z-z) 

2(l + |z| 2 )’2(l + |zj 2 )’l- 


V Y>-\ 

^\\V 


For instance, the images of 1,/, ^ J) on the^sphere are respectively given 
by Zi,Z 2 ,Z 3 \ 


Where Z, =[-,0,- 

1 12 2 


Z 2 — 0,-,^ 


zJ^X 


\ V 


\-Y 


l 4 4 2 J 

Using the three equations in it is easy to see that 

So that x= —-— y = ——; 

1-? 1-q 

Orz = ^ 

1 -? 

That is (^,q,q) corresponds to 


iUJL. c 


U-cJ 

The map z o(^,q,q) is called stereographic projection of C on 5’\|(0,0,l)} 


or vice versa. 


Example: Prove that the points z and z' in the complex plane will 
represent symmetric points with respect to the equatorial plane (viz. the 

plane q = i) ifandonlyif zz’ = 1 


; y* 

f; ‘‘{M SI 


I lilfR 
mmmm 
mm « 

■ . i.-, • r-vl 
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Chordal Distance between z and oo is denoted by y(z,ooJ and is equal to 


x( z ,™) = 


Chordal Distance between z x and z 2 is calculated by the following formula 


I Z 1 — z 2 


X( z l, z 2 ) = 


If x(z 1 ,z 2 ) = l then 


z i ~~ z i\~ + z \ y/l+ z 2 


Squanng both side 


(zi-Z2)(zi-Z2)-( 1 +K| 2 )( 1 + h| 2 J 


ZjZj — z \ z 2 — Z 2 Z V^~ Z 2 Z 2 — 1 z 2 z 2 Z \ Z \ Z \ Z 2 Z \ Z 2 


Solution: Note that z and z' correspond to symmetric points with respect to 
equatorial plane if and only if z corresponds to (t,,r|,q) and z'corresponds 

to (£,,rj,l — q) .This holds if the only if 

z=i±i5and = = 

1-; l-(l-5) 5 


e:2 , -PL 

i.e., if and only if zz'-y -{—■=1 

0-f)f 

Chordal Distance 

Let Zj and z 2 be the points in the argand plane corresponds sterio- 
graphically to z x and z 2 respectively. - \ 

Distance between z i and z 2 i.e. length of chord joining z, and --z 2 is referred 
as chordal distance between zj and z 2 

Example: Find the chordal distance z l -1 + i, z 2 

'\ : U 

If 1 V fl f (2 fC'V 

Distance =J --0 +^--0 + —1 \ ^ 

V L 3 JUJU \p 


i i i 

—. —i—i— 

\9 9 9 


Stereographic Projection and I 
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ZiZ 2 + Z 2 Zi + Z,Z 2 Z.Z 7 +1 = 0 ^p|p^i!! | ij™iini m 

Tuty&wrOwnmi 

Z 1 Z 2 (z 2 Z 1 +l) + (z 2 Z! +l) = 0 [ ■ * '. . I 

(z,z 2 +l)(z 2 zi+l) = 0 

z l 3 2 = ~ * 

Z 2 z t =-1 

If on the sphere two point diametrically opposite then z,z 2 = -1 

Sets of Points in the Complex Plane ?, 

Let S be a non-empty set of complex numbers and z 0 e S be any complex 

number and 5 be a positive real number. Then, we define theTofrowing: 

1. Circle: The set of points which satisfies the equationJz-z 0 | = 6 .or 

(* -^o) 2 + (>’-To ) 2 = § 2 V • 

Defines a circle C of radius 8. with'rentre at z 0 = (xg,To). This set 
consists of all points which lie on the boundary 'of-the circle C . Any 
point z on this circle has the polar formz = z 0 +8e' 9 . As 0 varies from 
0 to 2 n,z traverses once over this circle--in' the counter clockwise 
direction. If z 0 = 0, then the equationJz| -^defines a circle of radius 8 
about the origin. Vs. 

2. Open Disk: An open disc is defined as'"A(z 0 ;e) = {ze C:| z-z 0 |< ej 
with center at the point z 0 and radius 'e i.e. it is the collection of all 
those point inside the circle | z - z 0 1 = e. 

3. Closed Disk: An open disc is defined as A(z 0 ;g) = {zgC:| z-z 0 | <e} 
with center at the point z 0 and radius e i.e. it is the collection of all 
those point inside and on the circle | z - z 0 | = e. 

4. Annulus: The set of points which lie between two concentric circles 
Cy : |z — z 0 1 = q and C 2 : |z - z 0 1 = r 2 defines an open annulus or an open ->i , , 
circular ring, that is the set of points which satisfies the inequality 
r \ <|z —z 0 |<r 2 . ■ 

The set of points which satisfies the inequality q < |z - z 0 1 < r 2 , defines a ^ \ * 
closed annulus. jP ' r r > 

5. Neighborhood of A Point: A 5 -neighborhood of a point z 0 in the ' ’’ 

complex plane is the set of all points z which lie in the open disk 5 , 
|z-z 0 |<8.Usually, the 5-neighborhood about the point z 0 is denoted r 

by A r (z 0 ,8) or A/g (z 0 ). If we exclude the point z 0 from the open disk 
|z-z 0 |<8, then it is called the deleted neighborhood of the point z 0 C l” < 
and is written as 0<|z-z 0 |<8. 

6. Interior Point: A point z is an interior point of S , if for some 
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7. Exterior Point: A point z is an exterior point of S , if it is the interior 
of the set S c . 

8. Frontier Point: aeC is said to be frontier point of JcC, if It is 
neither an interior point of S nor an exterior point of S. Set of aH 
frontier point of S is denoted by Fr S 

9. Boundary Point: Frontier point of S which are member of S are 
referred as boundary point. Set of all boundary point of S is denoted by 

as. 

Example: For the set of points defined by Im(z) > 1, the points on the 
line y = 1 are the boundary points. The points on the circle jz - z 0 ] - r 
are the boundary points for the disk |z - z 0 | < r .The polleetioh of all the 
boundary points define the boundary of S. ■> .. 

10. Open Set: A set S is open, if every point of S is an.interior point. 

Example: The sets ,, 

V \ \ \ - 

iS' = |z:|z-z 0 |<r|; 5’ = |z:Re(z)<0|; S = {z>l<|z|<2} are open 
sets. \ ^ 

11. Closed Set: A set S is closed, if every v boundaiy point of S belongs to 


Put ycn<r Ovm Wotes 



Example: The sets S 
closed sets. 


= {z: |z-z 0 ]{z: r { < |z - z 0 1 < r 2 } 


\ \ \ 

i_ j :i 


12. Bounded Set: An open set S in bouhded, if there exists a positive real 
number M , such that |z| <M for all z e S . Otherwise, the set S is 
said to be unbounded. 

Example: The set 5 = jz:|z-z 0 | < r} is a bounded and 
S - 1 z: | z - z 0 1 > Oj is an unbounded. 

13. Connected Set: A subset S of C is said to be connected if the only 
subsets of S which are both open and closed are <j> and S. 

14. Domain: An open connected set is called a domain. Usually, a domain 
is denoted by D. 

15. Region: A region is a domain together with all, some or none of its 
boundary points. Thus, a domain is always a region but a region may or 
may not be a domain. 

Example: An open disk is both domain and region but closed disk is 
region but not domain. Usually, a region is denoted by R. 

16. Extended Complex Plane: The complex plane to which the point at 
z — qo has been added is called the extended complex plane. The 
complex plane without the point at z = oo is called the finite complex 
plane. 






mm. 
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Limit Continuity & Diff 

SjlMMP asasa ^ , -^ M 


CHAPTER 3 


LIMIT CONTINUITY & DIFFERENTIABILITY 


3.1. Limit of A Function 

Let w = /(z) be a complex valued function / defined on DcC let 
z 0 eD'. Then / is said to have a limit l as z —> z 0 and we write 

lim /(z) = / or /(z)->/ as z-»z 0 
z ~* z o 

\ 's.. \ 

if and only if for any given e>0, 3 a 8 > 0 such that 'x>-^ 
/(z)-/|<e whenever z&D & 0<|z-z o |<8; , 

i.e., if and only if for each e > 0, 3 8 > 0 such that \ 

/(z)e5(/; e) wheneverzG5(z 0 ,^)-\{io]n©v^ \, S \ \ 
z -> z 0 in complex plane. It is straight forward to'sthte'y^ 


z -> z 0 in complex plane. It is strai; 
lim /(z) = /<=> lim |/(z)-/| = 0 

Z —>Zq Z—^Zq 


\ \ \ 




(i) The function need not to be defined at Zg-ijn order to have a limit at z 0 . 

(ii) It is the punctured disk 5(z 0 ,<5)\jz b ] which is involved in D, i.e., z 0 
need not to be in D. 

(iii) If the condition that z 0 € D holds, we may have /(z 0 ) * /. 

3.2. Alter Definition of Limit of A Function 

Let /(z) = «(z)+iv(z), where w(z) = «(x,y) & v(z) = v(x,y) are real 
valued functions, be defined on D except possibly at z 0 . Then for 
/[ & l 2 € R. 

lim /(z) = /i + z7 2 

z-> z o 

Ifandonlyif lim u[x,y) = l { & lim v[x,y)-l 2 - 

(xoO-Kwo) (^Mwo) 

Theorem:\{ lim /(z) exists, then it is unique. 

z->z 0 

Examples: 

Z 

1. Let z^O consider/(z) = —, now let us examin the limits of /(z) as 

z 

z -> 0 in many ways. Let m be any real number & allow z -» 0 along 
the line y = mx then 

.. x-imx 1 -ini 

li m -=- 

(x+imij^o x + imx 1 + im 

=> lim /(z) depends upon the path as we approach towards 

z-> 0 

z 0 hence limit does not exist at z = 0. 
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2. Let /(z) = xsin— + iysin— then its domain of definition is the I 

x y 6 

collection of all those points = which does not lie on x axis & y axis. 

Consider lim /(z) = limxsin — + / lim /sin— 
z->iy 0 x-td x y-yy 0 y 

= 0 + iy o sin— 

To 

hence limit exist. 

1 

3. limz sin— does not exist VmeN. 

z->0 Z 


4. *" such that mePJ does not exist. 


Theorem: If /(z) has a finite limit at z 0 , then-./(-z,)Jis a bounded, 
function in some neighborhood of z 0 . 

Theorem: Let /(z) & g(z) bfe/wo’funcfionS-Mieh'thaC' 

lim f(z) = l l & limg(z) = / 2 


(a) lim a/(z) = a l x where a is_a-reaiprcomplexconstant. 




(b) lim [f(z)±g(z)]=l x ±l 2 

z->Zq 


» v* X vuivUA \ 

v o 


(d) lim 


z ^ z o[^( z )J h 


= r.(2*0 


(e) lim [/(z)/g(z)]=-J-, / 2 ^0 

Z->Z 0 u h 


3.3. Limit of a Function at z= oo 

The function /(z) has a limit L as z —> oo, if for any arbitrary small real 
number e > 0, 3 a real number 8 > 0 such that 


|/(z) -/| < e whenever |z| > .— 


Alternately, we substitute z =-, since f 0 as z ->oo we obtain 


lim f(z) = lim / —1 


3.4. Continuous Function 

A function /:D—>C is continuous at z 0 eD if and only if lim /(z) 

z->z 0 

exists & equals to the functional value /(z 0 ). We say that / is continuous 
on D or /: D —> C is continuous when / is continuous at all points of D 
i.e., for a given e > 0, there 3 a 8 > 0 such that 
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|/(z)-/(z 0 )|<e whenever zeD & |z-z 0 |<8 or equivalently, 

/(z)efi(/(z 0 ); e) whenever z e B{z 0 ;s)f]D. 

Results on Continuity 

1. A function is continuous by default at all isolated points of the domain. 

2. Continuous function maps connected sets to connected set. 

3. Continuous function maps compact set to compact set. 

4. If a continuous function is defined on a compact set then it is uniformly 
continuous. 

5. If the function f[x) = u( y x,y) + iv[x,y) is continuqus at, z Q '= x 0 + iy 0 , 

A \ 

then the real functions u(x,y) & v(x,y) are also continuous' at,.the 
point (x 0 ,y 0 ). " 

6. If /(z) & g{z) are continuous“nt~a^poihf "'z 0 ^dfen the function 

f(z)±g(z), f{z).g{z),\f\,^-f^~ wliere ">|z 0 )*0 are also 

g{ z ) ■ 

continuous at z n . \ \ s 

y~- - 

7. If /(z) is continuous in a closed region X, then it is bounded i.e., 

|/(z)| <M V z e S . C\\ 


P&yowOwntNbtes 


8. The function /(z) is continuous at z = 0 if the function /| — J is 
continuous at ^ = 0. 


Composite Function: Let a function g(z) be defined in the 

neighborhood of a point z 0 & let the image of g(z) in this ” 

neighborhood be contained in a region in which /(z) is defined. Then 

the composite function /(g(z)) is defined for all z In the | % ' § 

neighborhood of the point z 0 . 




9. The composition of two continuous function is continuous i.e., if 
/: Dj -» D 2 is continuous at z 0 e Dj & if g = D 2 -> C is continuous at 

w 0 = /(z 0 ), then gof defined by gof (z) = g(/(z)) is continuous at 

z 0 - 

10. A function / is continuous at a point z 0 eZ) if and only if 
/(z 0 )= lim f(z n ) for every sequence (z„) such that z„efl for 

qo 

n = l,2,.... & z„->z 0 as «->oo. 

11. Let /:£)-> C be a function. Then / is continuous on D if and only if 
for every open set OcC f~\0)-\zeD:f{z)ed\ isopenin D. 
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Examples: 


(i) The functions e z ,sinz,cosz are continuous function for all z. 


Consider e ~e 


? -„ x+i y 


= e x cosy + /e z sin y = u + iv 

sinz = sinxcosh y + zcosxsinhy = u + iv 

cos z = cosxcoshy - i sin xsinh y = u + iv 

since the real valued functions u & v of two real variables x & y 
are continuous V x & y in each case, the given function of a 
complex variable z are continuous for all z. , \ 

(ii) Show that the function /(z) is not continuous at z'= 0., Wh'ere 


/( z ) = 


z * 0 


Solution: lim 


0, z = 0 
Im(z) 

• lim —— " lir 


\ \ \ 
\ \ N 


z "° ^U xl+ y\ ^X 

Consider the path y = mx . Then\ " 


X y -^°jx 2 +m 2 x 2 


m \ " 

[ + m 2 \- 


Since the limit of /(z) is path dependent so function is not 
continuous. 

Uniform Continuity 

A function /(z) is said to be uniformly continuous in a region S if for a 
given real number e > 0 depending only on e such that 

|/(zj) - /(z 2 )| < e whenever 0 < | z x - z 2 1 < 6 

where zj & z 2 are any two points in the region S. 

Note: It is meaningless to talk about uniform continuity at a point. 

(i) If /(z) is uniformly continuous in a region S , then /(z) is 
continuous in S 

Example: Show that the function /(z) = z 2 is uniformly continuous in 
the region |z| < 1. 

Solution: We need to show that for any given e>0, 3 a 8>0 such 
that z 2 -z 2 2 <e whenever 0<|z 1 -z 2 |<8 where Zj & z 2 are any 
two points in the region |z|<l , we have 

z 2 -z l 2 | = | z 2 2 11l z 2 +z l|-(| z 2| + | z l|)(| z 2 -z l|)^2|z 2 -Zj | 
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Thus when |z 2 -z| <8 it follows that |z 2 -z 1 |<-^- . Thus, 5<-^ 
depends only on e & not on the choice of the points z { , z 2 in the 
region. Hence /(z) = z 2 is uniformly continuous in the region |z| < 1. 

3.6. Differentiability 

A complex function / defined on a non-empty set D is differentiable at 
z 0 e D if the limit 

iim MzlM =lim 

z— > 2 q Z Zq h —>0 h 

, \ 

exists & the value of the limit denoted by /'(z 0 ) is called the;derivative of 
/ at z 0 . The function / is differentiable on D if it4s 'differentiable.at 
every point of D or in terms of e-8 notation,dheHiinitln equation (i) 
exists if and only if given e > 0, 3 a 8 = 8(e, z 0 ) > G such that 

X \\\ " 

^ ^^ -/'(z 0 ) < e whenever 0 <|z AzjXsX'"' 

z ~ z o \ X ' Y 

Examples: \ 


i-'T-S'vV >' 


(0 M z ) = Z a / z ' =f\{ z ) 

' i=l 


\ N 
\ X} 


(ii) sin z = / 2 (z) 

(iii) cosz = / 3 (z) 

(iv) e z =f 4 (z) 

■ ( v ) a fi ( z ) + P fj ( z ) = fs { z )h j = 1 to 4 
f{z) 

(vi) * = 1 to 5 • 

M z ) 

The functions defined above are all differentiable on the complex plane 
Note: Differentiability => Continuity 
3.7. Cauchy-Riemann Equations 

Let /:G->C be differentiable & let «(x,y) = Re/(z),v(x,y) = Im/(z) 

for zeG . Let us evaluate the limit f(z) - lim^—--— ^ - in two 

w h->o h 

different ways. First let A —> 0 through real values of h for h * 0 & h real 
we get 

f( z + h)-f(z) f(x + h + iy)-f(x + iy) 
h h 

u(x + h,y)-u(x,y ) | , v(x + h, y)-v(x,y) 
h h 
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Letting h -> 0 gives 


/ x OU . OV /.\ 

Now let h -» 0 through purely imaginary values; i.e., for A * 0 and h real, 
f(z + ih)-f(z) _ i(u(x,y + h)-u(x,y)) v{x,y + h)-v{x,y) 


Tta/, w- w | + | -('■> 

equating the real & imaginary parts of (i) & (ii) we get the C - R equations. 

T . \ 

du _ dv & du _ dv 

dx dy dy dx V\ \ 


Polar Form of C-R Equation 




Let /(z) = u + iv is a differentiable function z = re l0 then C-R 

equations are given by \ x "V\ 


v e p M e 
u r = — & v r = — 

r r 


V \ ' 

\ s 

\. y 
\ 


Complex Form of C-R Equation \ s 

, -4|r 

Let f(z)~u + iv be a differential function;'-,.^ 

Letz = x y iy - z{x,y) 

&I=x-iy=z(x,y) 

z+z z-z 

X- -, y = - 

2 2 i 

i.e.x = x(z,z), y = y(z,z ) 
df du . dv 

=> — =—+ i — 

dz 3z 3z 

_dudxdudy.dvdx.dvdy 
dx dz dy dz dx dz dy dz 

1 1.1 .1 

= —U r +— +l — V r +1— V,, 

2 2 y 2 2 y 

= ^[( M *~ V >’) + Z '( u r +V x)] 

Since / is differentiable, so it must satisfy the C-R equation i.e., 
u x = v y & u y - v x 


=> “ = 0 is called C - equation in complex form. 
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rcntiab'ilit) 


3.10. Necessary Condition for Differentiability 

Let f(z)-u + iv be a function then necessary condition / 0 it be 
differentiable is that u x ,u y ,v x & v y exist & satisfy 

u x = v y & u y = -v x i.e., C-R equation 

u.SL. o 


3.11. Sufficient Condition for Differentiability 

Let f:S-*C where 5 c C be such that /(z) = u + iv & 
(x 0 + iyo) = z o eSnS' then / is differentiable if 

(i) u x ,u y ,v x ,v exist ’\\\ 

\ • \ - 

(ii) All the partial derivative are continuous. \\.. \ 

(iii) Also satisfy the C-R equation. VjA 

Theorem: A real valued function of a ,complex variable either has derivative 
zero or the derivative does not exist." N ' 

Proof: Suppose that /(z) is a real-valued function' of complex variable 
whose derivative exists at a point a. Then . 


f'(a) - lim 
v ; h ->o 


f( a + h)-f(a) 


If we take the limit h -» 0 along the feal'axis,'theh /'(a) is real. If we take 
the limit /z —> 0 along the imaginary axis,..,then f'(a) becomes a purely 
imaginary number. We must have /' (a) = 0. 

Theorem: If / and g are differentiable at z 0 , then their sum f + g , 

difference f-g, product / g , quotient fig (where g(z 0 ) ?^0j and the 
scalar multiplication cf , are also differentiable at z 0 and 

( f±g)'=f'±g(fg)' =f'g+fg', 


f) f'g-fg' 


, (cf)' =cf 


Where c is a complex constant. 

More generally, a finite linear combinations (of the form 
a i/i + a 2^2 +— + a „fn ’ a j 6 Q j — 12,...«) and finite products of functions 
differentiable at z 0 are also differentiable at z 0 . 

Example: Let /(z) = Rez and z 0 be an arbitrary fixed point in C . The 
h = h l +ih 2 (*0), 

f(z 0 + h)-f(z 0 )_Re(h) [l for h = h l +i.0<=R\{0} ] 
h h "jo for h^O + ih} e/(M\{0})j 

f(z 0 +h)-f(z 0 ) 

So that lim 

h->0 h 
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Limit 


does not exist. Therefore, /(z) = Rez is nowhere differentiable even 
though it is continuous in C. 


Similarly, we see that Imz,|z|,z and Argz are all nowhere differentiable in 
C. Is each of the functions listed here continuous in C ? Is each of these 

functions infinitely often real differentiable in R 2 ? Is a product of two 
nowhere differentiable functions always nowhere differentiable? How about 

Example: Each of the functions 

/l(z) = |z|, / 2 (z) = Rez and/ 3 (z) = Imz, 

is a non-constant real-valued function defined in GEach.of them is 
nowhere analytic. If we rewrite these function as O 

f\ (*> y) = ylx 2 +y\ f 2 [x,y) = x, / 3 (x,y) = y, V-.., 

, Nx.. 

then, except/j, each of these functionsare real differepti’able-in M . 

Example: It is easy to see that the function / defined by 

\ ^ \\ 

/(z) = |RezImz| 1/2 \ "N"* 

\ "V-- 


satisfies the C-R equations at the origirtp but is .not differentiable at this 
point. To see this, we may rewrite the given-function as 


/(*H 


7 —1 1 

z -z z 


\ 

or / = u + iv with = |xg| and v(x,y) = 0. 


Note that / is identically zero on the real and imaginary axes. Therefore, it 
is trivial to see that u x (0,0) = (0,0) = v J( (0,0) = v > ,(0,0) = 0 . For 

example, 

u x (0,0) = \m-^-l —1^-Z = 0. 
v j-»o ^ 

Thus, the C-R equations hold at z = 0. However, taking h - re a * 0 with 
r 0, we find that 


f(h)-f(0) r 2 cos0sin0 
lim w v ; = lim—r- 


r cos0sin0 e ~® s in20| 

lim—- t- =-l 

r->or(cos0 + isin0) V2 


Which is clearly depending upon 0 (e.g. take 0 = 0 and 0 = n / 4 ). We 
conclude that / is not differentiable at z=0 even though / satisfies the 

C-R equations at the origin. Here, since v(x,y) = 0, v is a C“- function in 
R 2 . Are the partial derivatives u x and u y continuous at the origin? How 
about the functions 

/(z) = |RezImz| 1/3 and /(z) = |RezImz| 1/4 ? 

Example: The function /(z) = |z| is now here differentiable 


Put your Own Motes 




:* £ j .v 9 Pc' .r & & <&.> <h ’ 


t-J&-1 

i.fi 


, r , „ ^ 

’ m 

1 M , £ P' * Ml 

l!«ap ^ MgSI 
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Since/(z) = |z| =^fx 2 +y 2 = ^jz.z => -^ = Vzx— 

dz 2 yjz 

=> /(z) = |z| does not satisfy the C-R equation hence it is nowhere 
differentiable. 

2 

Example: The function /(z) = |z| is differentiable only at origin. 

Since f[z)=\z\ 2 =x 2 +y 2 -z.z 

=> ~ = z, so if /(z) wants to be differentiable then it must satisfy the 

dz 

C-i? equation i.e., -4r = 0 => z = 0 v ' 

dz \'\ v _ 

/(z)-/(0) z.z _ \ X v - 

Consider lim - v ' -— - lim-= lim z = 0 \ v \. 

z->0 Z —0 Z-»0 Z Z-»0 


Put yotsr Own Wotes 


Hence /(z) is differentiable only af origin."' 


v x 


I \ % \ 

Example: Function /(z) = — is differentiable at 'alLpoints except at z = 0 . 


\ V 

\ ■ 

\X\ 

\ \v. 


\s! 


i i 
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CHAPTER-4 


SINGULARITES OF ANALYTIC FUNCTIONS 


4.1. Regular Point 

Let / is defined in D and z 0 is an interior point in D . We say / is regular 
on z 0 , or equivalently, z 0 is a regular point of / if 3 5 > 0 such that /'(z) 
exists Vze|z-z 0 |<8 \ 

Statement: If / is regular at z 0 , then 3 a open disc around ;z 0 such that 
every point of the disc is regular point. w ’O'"--. . 

/'(z) Exists Vze|z-z 0 |<8 'O v 

Let zj e | z - z 0 | < 8 and | z 0 - z x | = \ ,*8^-8- 8, \\ 

5 , = min{§ 1 ,8 2 } '\ 

| z- z { | < 8' c | z - z 0 | < 8 \ 

\ Y v ~ 

=> z, is regular point of f \"- 

\ ^ 

4.2. Analytic Function 

/ is said to be analytic in D if it is regular af'every point of D. 

Notes: 

(i) If / is analytic in D=> D isopen 

(ii) If it is said that / is analytic at z 0 it means / is analytic in an open 
disc around z 0 . i.e. z 0 is a regular point. 

(iii) If / is defined on D where D is open and connected then / is analytic 
on D iff / is differentiable at every point of D. . 

(iv) If / is analytic on where aeD then we say / is not analytic 

on a , if lim /(z) either doesn’t exist if exist then not equal to f (a). 
z—>a 

4.3. Singularity 

Let / is defined onZ). Then a limit point of D i.e. the limit point of the set 
of regular point is defined as singular point if it is not regular itself. 

If D = Domain of definition 
R = The set of regular points 
R' = The set of limit point of R 
Then if a e R' - R 

=> a is a limit point of R but aiR then a is a singular point. 

S = R' — R— the set of all the singular point 


i * mmm 
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4.4. 


I 



Example: Let /(z) = log z 

then D={zeC-{x+iy:x<0,y=0}} 

D=C-{x + iy:x< 0,y = 0} 

R = D 
R' = C 

5' = {x + i>:x<0,^ = 0} 



Result: Set of all singular points is a closed set i.e. S' = S. 
Proof: Define S' = The set of limit point of S 
If a e S' => a g if 


| z - a | < 5 n S is infinite for some 8 > 0 
| z - a | < 8 n R' is infinite 
| z - a | < 8 n R is infinite v. 
a #R' 








a eS => S'czS. 

Classification of Singular Points 

Positional Classification 

I. Isolated Singularity: Let z 0 e X Le^JiNsingular point is called an 

\ \>«- 

isolated singularity if 3 5 > 0 such thafcs^is regular in 0 < | z - z 0 | < 8 

i.e., I = S-S' = The set of isolated points in S. 

. 1 
1 sin— 

Examples: Let tan—= —-y , then /(z) have singularities at those 

z _ 1 


cos- 
z 


1 


points where cos - = 0 and at z = 0. 
z 


1.0. S = {7 - -T -, «gz1u{0} 

|( 2 « + 1 )ji /2 J 1 1 

=> 0 is not an isolated singularity. 

II. Non-isolated Singularity: The limit point of singularity is defined as 
non-isolated singularity. 

So, a is non-isolated singularity iff a e S'. 

i.e., a is non-isolated singularity iff it is not isolated singularity 

Examples: 

(i) f{z) = logz 

Every singularity of log z is non-isolated singularity 
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oi) /W=—7 i 7i’ s= r-" 6Z '{°}r( 0 > 

sin(ji/zJ [« J 


=> {O} is non-isolated singularity, rest are isolated singularity. 


(iii)/(z)=-- 

sm7cz 

S = Z, S' = 

Notes: 

(i) | z | > R is a neighborhood of 00 for any R> 0. \ 

(ii) In extended C, 00 is limit point of every unbounded set. 

\ V \ 

Examples: In extended C, Z' = [coJ \\ 

v=H v-sKxV 

(iii) The behavior of / at 00 is analyzed w v ifh hcIp'.Ofthat g(z) at z = 0 


\ w 

where g(z) = /f-1 

u J\v- 

Example: Let /(z) = sinz V 

Then /^— =sin- has isolate^'sm*gul|rity at z = 0 

=> /(z) has isolated singularity at < 0 . 

(iv)If g is regular at 0 then / is regular at 00 where ff —| = g(z) 


(v) If set of singular point of / is unbounded then 00 is non-isolated 
singularity of /. 

Example: /(z) =--- 

sinz-cosz 

It has infinite singularity which are at the points 

'71 

tm +—, « e Z and co is non isolated singularity. 

4 

Character Based Classification of Singularity 

1. Removable Singularity: z 0 e S is said to be removable singularity. 

If lim /(z) exists finitely, where / is defined in 0<|z-z 0 |<8 for 

Z-4Z 0 

some 6>0 

Examples: 

(i) /(z) = sinz z* 0 


, x smz 

( 11 ) /(z)=- 

z 
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(iii)/(z) = 


TvtyovarOvm 


0 ,'z = 0 


f{z) = z, |z|<l 
£> = | z | < 1 

R = D, R' = |z|<l - ' . 

5 = |z| = i ft;--. 

Note: Limit of Branch point is not defined. . 

Pole: Let z 0 eS and lim /(z) does not exist,-then z- 0 is called a * 

z ^ z ° \ '"\> N ;■ 

pole of order m. if lim (z - z 0 ) m /(z) exists non-zero. ^ 

z—tz o \ '"v, 


Example: f (z) - — order 1 pole , 

z V™ V\ V 


/(z) = - order 2 pole 

z 


/ x cosz 

j (zj = —— - pole order 3 




\ 'N, 

s 

. 

\ 


Order one pole is called simple^pple.X>,..„. 

2. Essential Singularity: Which is neither the above two is called essential 
singularity. 

Example: log z has essential singularity at the points on the negative x 


Example: /(z) = 


D = |z| = 2 


1 j z | < 1 

2 1 < I z I < 2 


So, | z | = 1 is essential singularity and non-isolated. 

( z ~ z o) m '/( z ) <2\z~z 0 \ m <e 
As D = | z | < 2 
R = D-{\z |=1} 

R' = \z\<2 

Result: If /(z) is defined in a neighborhood of z 0 except possibly at z 0 . 
Case (i): When z 0 is regular point. Then 

(a) /(z 0 ),/(z 0 ) exist. 

(b) /'(z) exist V z e| z - z 0 | < 8 for some 5 < 0 

(c) / is bounded in a neighborhood of z 0 


V-' ? ,• ? - 


.ftV, X-' : ; 


mm. 




SIMM 

ft v 


igwSP 


Mm 


28A711, (First Floor) Jia Sarai, Hauz Khas, Near LLT„ New Delhi-110016, Ph.: (Oil>-26537527, Cell: 9999183434 & 9899161734,8588844789 
E-mail: info(a),dipsacademy.com: Website: www.dipsacademy.com 











Case (ii): If z n is removable singularity ! r ~ r 

0 yourOwn Motes 

(a) By definition it is an isolated singularity. 

(b) As limit exist in a neighborhood of z 0 function is bounded. 

Case (iii): If z 0 is pole 

(a) By definition it is an isolated singularity. 

(b) lim /(z) = oo i.e., in a neighborhood of pole functions are unbounded 

z->z 0 

(c) If z = z 0 is a pole of order n of f(z ) then (z-z 0 ) /(z) has a 
removable singularity at z = z 0 i.e. lim (z - z 0 )’" /(z) exists and non 

zero. 'X '*• 

Result: If / & g are two analytic function defined dtr some domain !) ... Y~ 
such that / has a zero of order n & g has a zero of order m at z = z 0 . 

then .. .._—_ \"\ \\ 

^ ^ N Y/-Y ‘ ■ 

(i) /(z) = (z - z 0 )” /, (z) &g(z)=(z -z 0 )" l gi^) where 

yi(z 0 )^0&g 1 (z 0 )^0 \ 

(ii) Define /i(z) = \ then \ Y~'~ 

£( z ) ' \ „ ' ?YY ; :: 

V\V" 

(a) z - z 0 is a removable singularity if\«y m\ .X f V : 

(b) If n < m then at z = z 0 /i(z)has a pole of order m-n. 

Consider — = 2 tin + — ISteiS Y-Y ■ ,\ 

Z " 6 X ' . ' 

=> z n = -~"*° ’ | 

/( z «)->^ (Essential) , I y 

Case (iv): When z 0 is isolated essential singularity. |p§g§ 

/ is unbounded in a neighborhood of z °. In this case jj§| | j 

A = {lim/(z) can vary: z n -> z 0 ] = C 

4.6. Entire Function 

/ is said to be entire if it is analytic on C i.e. regular on C i.e. R = C Y'Y f || 

i.e. oo is the only possible singularity. 

If / is entire then e^ Z ‘ is entire. In fact singularities of / and e? are ||)Y_ ~jY ,1 
same positionally not character wise. 

If z 0 is R.S. of / => z 0 is R.S. of 
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Singularites of Analytic Functions 


If z 0 is pole or essential of / => z 0 is essential ofe^. 

Example: Let /(z) = — then — has a pole of order 1. 
z z 

=> e l/z has essential singularity at z~0 

Results on Analyticity 

Let / be an analytic function defined on a domain D (open and connected) 
then 

1. /'(z) = 0 VzeD then / is constant. 

2. /(z) = u + z'v, If any of u and v is constant then / is constant. 

Let u(x,y) = k \ \s^‘ 

Uy = 0 & u v = 0 V'x 'O'” 

A y X 'Xu ' V 


Since u x - v y = 0 & u y = -v x - 0 

=> f'(z)=0 =>/(z) =L, Le 
3. If | /| is constant then / is constant. \ 


\ ^ \ "X 


|/| = c=>m 2 +v 2 =c 
If c = 0 then done 


If c * 0 => 2 uu x + 2w x = 0 
& um^, + w y = 0 
i.e.w^ +uv y =0 
-wy^+w^O 


\ \\ 

\\ X V 


. x 

V x. v 

\ N - v - 


.r v bTvJjo 
l _w v 1 v J~l° 

Ab = 0 where A- v u Scb= V * 
-u vj \v y 


Since \A\ = u +v => system of equation has unique solution 
=> v x =v y =0 i.e. v(x,y) is a constant function and hence / is 
constant. 

Case (iv): If arg/=constantthen / is constant. 

1 V V 

Let arg/ = tan ~=k => — = tmk-k 
u u 

ku -v = 0 

=> ku x -v x -0 => ku x + u y = 0 
&ku y -v y - 0 =>~u x + ku y =0 


k ll m 


-1 kj \ u y \ [0. 


Which is system of equation and have trivial 



r' ,* 


solution i.e. u(x,y) constant and hence function /(z) is constant. 
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4. If au +bv- constant then function is constant. ifSqiS 

-ipl 

Let f(z)-u + iv ^ 

& au + bv = c 

g(z) = ( a + ib)f(z)=(a-ib)(u + iv) 

- (aw + bv + ;'(av - 6 m)) 

= U +iV, since U=au + bv is constant 
=> g(z) is constant and hence /(z) is constant. 

5. If u and v lie on circle then function is constant. 

6. If u and v are harmonic conjugate of each other then ./is constant i.e. 
f -u~ iv is constant. 


- JPtd your Own #fotes 


i X X- \ 

7. If f = u + iv is analytic then u and v are harmonic-functions of x' and 

y 000" N / 

j *. 

i.e., u and v satisfies Laplacian equation 

2 \ \ \ 

i.e., A ir = 0 i.e. u^+u =0 rxV- X 


A 2 v = 0 i.e. v^ + v^ =0 


VW 

XX~ 


Example: Let /(z) = x 2 + y 2 + 2xyi^u -Nv,^ ' 

\ V— 

Since u is not harmonic => Not analytic, ■ 
f(z) = 2xy + (x 2 -y 2 )i = u+iv \XXX 




Then u^+u^-0 but / is not analytic f~-‘ ' 

8. If /(z) = m + /v is analytic then u{^x,y)- a, v(;t,y) = p represents A J 
orthogonal family of curves with a and p aress parameter. 

4.8, Construction of Analytic Function < 

Method 1; Milne’s Thomson’s method. 

2^2 Z — Z " * iXXiT*' XVXX 

We have z = x + iy so that x = —— t y--—. X/." 

w=f(z) = u + iv = u(x,y) + iv(x,y) ftftf 

In fact, this relation is formal identity in two independent variables z and z ^ 
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2 iv(x,y) = f(x + iy)-f(x,iy) 


z z 

Replacing x = -, y - —, in equation number (v), we get 
2 2 i 


2 iv = / - + - -/(0) 

l 2 2i J l 2 2 J V 1 


2/v f ~ =/(z)-/(0) 


/(z)= 2 /v lf 4 ] +7(0) 

We know from 

/(z) = «(x,y)-/v(x,;/) 

7(0) = c-/v(0,0) 

.•./(z) = 2ivf|,^] + c-iv( 0 ,°) 


f(z) = 2iv ]-iv(0,0) + c 
V z z/ y 


v x 

Example 1 : Find the analytic function /m = tr+iv of which the real part 
u — e x (x cos y ~ y sin y ^ 


Construct a function /(z) which has a real function 
u (x,y) = e x (xcos y - ysiny) for its real part, satisfying Laplace’s equation. 

Solution: — = e x (x cos y— j/sin y ) + e x cos y 

du x r , 

—=e [-ccsiny-siny-ycosyj 


=e x x+e x =e x (x+l) 


|0 =*-.0=0 


$(*,0)= — =«*(*+l) 


, / [ du I 

M x >yh =o 


By Milne’s Thomson’s method, 
/( z ) - ( z »°) -■«t>2 (z,0)]ab-- 
























■IDS' 


• ; '-: ■ " .’ ■ -r! ' - 
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f (z)=|^e z (zy\)-i.d^dz+c=^{ze z +e : ^dz+c 
=(z- l)e z +e ! +c=ze z +c 
:. f[z)=ze z +c 

Method 2: Suppose /(z) = w+/v is analytic and u is known. To determine 
/(*)■ 

Firstly we shall determine v . 

dv dv ( diA, (8u\ . 
dv = —dx + — dy-\ - dx+ — \dy, 

dx dy 8y J dx J 

by Cauchy - Riemann equations. \ 

T i ■ Ajf (du\ du V v \0 

Taking M = - — , N = —, we get ■ w \ \ 

\ cy) dx ^ 

dv = M dx + Ndy > ,.. (1) 


\ \ \ 
\ N \ 
SSw 


dv~M dx + Ndy x ^ ~ ...(l) 

»_W = A_^ = _ v2b=9 _. 

dy dx dy 2 dx 1 , _ 

(For u satisfies Laplace’s equation) \ \ 

8M ON A dM dN v'-\ X \ — 

or --= 0 or-=— \ x 

dy dx dy dx > 

Consequently (1) is exact differential equation. \ 

S. 

So equation (I) can be integrated and v f x^n ae'’determined .Now u and v 

are known and hence /(a) can be,^deterinined form the. equation 

/(z) = u + iv. We illustrate this method by an example, given below: 

Example 2: Find the analytic function of which the real part is 

u = e x (xcosy -ysiny) 

ci^jdv.dvjdu. dv 

Solution: dv =—dx + —dy =- dx + — 

dx dy dy dy 

= -e x (-xsiny - ycosy - sin y)dx + e x (xcosy - ysiny + cos y)dy 
Integrating, v=JV (xsiny+ycosy+siny)^x (treating y as constant). 

+1 (those terms which do not contain x)dy+c 
=sin y.J xe z dh+(ycosy+siny)j" e x dx+j 0 dy+c 
=[(x -1) siny + y cos y+siny ] e x + c 

v = (xsiny + ycosy)e* +c 
/(z) = u + iv 

= e r (x cos y - y sin y) + z jV 1 (x sin y+y cos y)+c j 

= xe*(cosy+ zsin yj + zye* (cosy +/siny)+/c 
= (x + iy)e x .e iy + c’ = ze z + c'. 


- ' . 







s:~ •: Si 

<:V 

E x/ r ._ •• ‘ j 


' ' j 
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CHAPTER-5 

COMPLEX INTEGRATION AND 
COUNTABILITY 

5.1. Curve 

Let \a,h\^RScx = x{t),y = y(t) are continuous function on \a,b\ then 
y(t) + is defined as a curve in complex plane 

Note: \ \ 

(i) This represents the same curve obtained by eliminatirig::r between x(t) 

\ \ 

and y{t) to get <j>(x,y) = 0 in the Cartesian planeM.eLwjien Cartesian 
plane is visualized as argand plane <t>(xX= 0 .represents y(/) and 
evesy order pair (a,Z>) on the 'curve^'gives a complex number on the 
curve y as a+ib. \ 

\ \ 

(ii) If P = {t 0 ,t v ..t n -b) be a partition of.a t closed ^interval [a, 6], Then 

\ '"X, N. 

y(t r ) = x(r r )+z>(J r ) -z r (say) is a complex number in C. 

(iii) z 0 =y(a), z n -y{b) are called initial-and terminal point. 



Definitions 


\ "X 


1. Closed Curve: When y (a) = y (&) theny is defined as closed curve. 
Exemple: Let y (t) = e“ & y:[0,2ii]—>C then y(0) = y(27t) & hence 
y is closed on [0,2rt] 

2. Simple Curve: If y is one-one on open interval [a,b) is called simple 
curve. 

i.e. ft doesn’t intersect itself. 

if a k< / 2 then y(fi)*y(*2) v M 2 & {a,b) 

3. Jordan Curve: Simple closed curve is Jordan curve. 

4. Reversal of the Curve: If y traces a curve from position P to Q i.e. 
P is initial point & Q is terminal point then the same curve when 
traversed from Q, to P is called reversal of y and denoted by -y 

(-y}(i) = y(tf+6-i) Vte[a,i>] if y:[a,fe]->C. 

Example: 

Let y {t) = e lt , te[0, it] 

=oost+isint then reversal of y i.e., -y(t) is 

( - y)(0= y (^+o -1 ) = ^ 

=/ K e~ it 

=-e~ it 

=> (-y)(t) = -(cost-isint) 
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Complex Integration and Countability ^ 

... . • . A. r. ’ 1 •*. . .- 


3. Cauchy Weak theorem: If / is analytic with /' continuous inside and 

on a simple closed contoury , then j/(z)rfc = 0. 

y 

Winding number or index of a curve 

C 

Suppose that y is a closed contour in C. Let a be a given point in —-. 

M 

Then, there is a useful formula that measures how often y winds 
around. 

For example if y:y(t) = |z:z-a = re' r ,0<2TrJ then y encircles the 


point a k times (counterclockwise.) Further, 

f dz 2/ f K ire“ . 1 f dz 

-- ——dt = 2km, l. e.— —— = 

J z - a ^ re“ 2m' J z - a 

0 y 


Tut your Own Notes 


From this we also observe that if y encircles the. point a, £-times in the 
clockwise direction, then 

v. 

2ra' J z-a . v. 

y \ \\ ‘— 

\ \\ 

1 f dz X ' l 

In either case- - is an integer. .Here is"-the analytic deflection of 

2m J z-a \ '■ 

y \ 

the winding number of a, which captures'-fhe.intuitive notion of “the 
number of times y wraps around a in the counter clockwise direction” 
Definition: Let y be a closed contoUrdn '€ that avoids a point a e C.. 
The index (or winding number) of y about a, denoted by n(y;a)or Ind 
(y,a) is given by the integral 

n(y;a)=-^|— 

2m- z-a 

Actually, from our later discussion, Cauchy’s theorem will imply that 
n(y;a)=n(y 0 ;a) for all closed curves y 0 that are homotopic to y as 

closed curves in -p-. 

M 

In the following we will collect some properties of the index n(y;a) 

4. For every closed contour y in C and a e C - {y} ,n(y;a) is an integer. 

5. If y is a closed contour in C , then the mapping ^h-»n(y;£) is a 
continuous function of £ at any point £ g y. 

6. The function «(y;^), t, eC-{y}, is constant in the components of 

c-M- 

7. We have n(y;C) = 0 in the unbounded component of the closed contour 
Y- . 

8. If y consists of finitely many closed contours y 1 ,y 2 ,...,y k in C, then 
for every a g y k (i.e., not on any one of the y •), 

(i) n(y;a) = n(y l ;a) + n(y 2 ;a) + ...+n(y k ;a) 
n(-y;a)=-n(y; a) 


v ; Y 

s 

sssigWi! 

, V A*' 

‘i X 

F , j *. 


ilillMgfg 


*■. v ; ;4 
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Cauchy Goursat Theorem 

Let / be analytic in an open set DcCand let z l ,z 2 ,z 3 be in D. Assume 
that the closed triangle T with vertices z l ,z 2 ,z 3 is contained in D. Then, 

j f[z)dz- 0, 
oT 

Cauchy’s Theorem 

If a function /(z) is analytic and continuous inside and on a simple closed 
contour C , then 

\f{z)dz = 0 
c 

Cauchy’s Integral Formula x 

If/0) is analytic within and on a closed contour C and if aisfany point 
within C, then W \ ~ 

/W 

2nii z-a __^ 

c \ \ \ i 

Proof: Suppose f (z) is analytic within and pn a-closed_c,ontour C and a 

is an interior point of C. „ \ >\ 

, . 1 rf(z)dz ^ 

To prove that /(a) = —— -,, \ . - 

2ra J z-a s—. \v 


Describe a circle y about the centre z = a ofomall radius r such that 

This circle \z-a\ = r does not intersect the’euOe C. 

i i \ \"~ 

/(z) 

The function —— is analytic in the annulus bounded by C 
z-a 



and y . Hence by, corollary to Cauchy’s theorem. 

r f(z)dz r f(z)dz 

i z-a J z-a 
c Y 

[ f{z)dz _ f f{ z )~f {a) j , r f{ a ) dz 


Or [ fSzlfz. = f 

^ 7-/7 J 


dz + J- 


PS* 


■L'O f 







Since /(z) is analytic within C and so it is continuous at z = a so that 

given e>0, there exists 8 >0 such that. |/(z)-/(a)|<£.(3) for 

z - a < 8.(4). Since r is at our choice and so we can take r < 8 so that 

(4) . Since r is at our choice and so we can take r < 8 so that (4) is 
satisfied Vz on the circle y. For any point z on y , z - a = re. 
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\z-a * Q re 


Tt&your&wn Mates 


Hence, by (2), f £M±- U i fla) = f'iUl'W < 
z-a J z-a 

C i 

J \z-a\ r J r 

y I I y 

Or \ ^ dZ -2mf (a) <2 tz& 

{ z-a 

T *v,_ 

V v \ v x 

Since e is arbitrary and so making e -> 0, we get \v 

0r ^ (5) 

Theorem (Extension of Cauchy's IntegralFbrrnula to Multiply 
Connected Regions) \^ Xs ^\' ' 

If f(z) is analytic in a ring shaped region bounded by - two closed curves 

Cj and C 2 and a is point in the region between Cj-arid C 2 . 

/W= _LrZW*-J_rZW*'\ 

2ni * z-a 2ni * z-a . —\>—- 

c 2 C, V \ \ 


_ r f( z )~f( a ) 


Where C 2 is outer curve. \s^ 

Theorem (Cauchy Integral Formula for The Derivative of An Analytic 
Function) 

If a function/(z) is analytic within and on a closed contour C and a is any 
point lying in it, then 

f'{a) =—\ - f -^j dz 
2ni> c (z-af 

Theorem (Higher Order Derivatives) 

If a function / ( z ) is analytic within an on a closed contour C and a is any 
point within C then derivatives of all orders are analytic and are given by 

/»>(„)= 

Example 1: Based on Cauchy Integral Formula 


| Sift: m&m 

m - a® 

ggSSfflgiifessgleSfSfesi 

, J=.£ 

■ r 1 ■’w;v/' >■ : : ,- ■■- -t -z ■ 

. - :Jwi 


mrnmrnMmm 


(a) Li~^ =27i/ ( sinz )L=o =0 


| * i ifm 

s ^ mmmi lata 

ri 


„. r cosz , . . cos 

(b) j, | - ~rdz = 2ni - 

J | z Hz(z-4) z- i 

2 nr 

( c ) f, , - dz = 2nie 2 ™ 

J|z-a|=l z — a 


n. 
2 l 
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(d) L^ dz=2m M 

(e) If /(z) = sin^7tz 2 j + cos^7tz 2 j, then by Cauchy’s deformation of 


contour 


A z ) 

1 (z- 3) 


/( z ) 

( z ~ 2 ) i 
; z -3 


f / dz\\z-2\=-^-dz + [ 

J kH(z-2)(z-3) Jl ^ 2 z-2 J m4 z- 

=2*i(-/(2)+/(3))=0 

(f) By Cauchy’s deformation of contour 

gZ 

[. | ——-dz = f (---tfz+[ i—Z—d; 

7 .( 7 . Jz=T 7 J|z-l|— 7 — 1 


dz + f i dz = 2ni (■—!'+ e). 

r I ~ z 1 \ v 


r(z-l) M ~2 z z -1 

;os (e z ) Kr'":?v-- ~ \" \ 

—-—-dz = 2Tcfcost = niye +e 1 j.. v N f_ 


(g) f, , .-—* = 2 

J M =I Z 

Example 2: Evaluate J 


\ V \ 


where c isiz|.= 3>C"'" 


c (z + l) 4 


Solution: We know that f'" 1 (u)=-^—f— v. >. 


Put a = -\, n = 3 




Takes /(z) = e 2z , then /^(z) = 2"e 2z 

/^(-l) = 2 3 e -Z Now by (I) 
e L 

8 _ 3! r e lz dz 8 ni _ <■ e 2z dz 

e 2 2t4(z+ 1) 4 0f 3e 2 i(z + l) 4 ' 

5.10. Theorem (Poisson’s Integral Formula) 

It /(z)is analytic within and on a circle C defined by |z| = R and if a is 
any point within C, then 

1 ,(/? 2 -m\f(z)dz 

f(a)=— fi- / - . 

c (z-n)^i? 2 -zn j 

Hence deduce the Poisson’s formula 


1 1 

rJ 


I/I 

Re ,e 

) 

M<t> 

2tt * 

\r 

2 -2/?/-cos(0-<|>) 

+ r 2 


where a = r e l 6 is any point inside the circle |z| = i?. 
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5.11. Morera’s Theorem 

If /(z) is a continuous function in a domain D and if for every closed 

contour C in the domain D , J f(z)dz = 0 

c 

Then /(z) is analytic within D . (It is a sort of converse of Cauchy’s 
theorem). 

Proof: Let z 0 be a fixed point and z a variable point inside the domain/). 

Z 

The value of the integral J / (t}dt is independent of the curve joining z 0 to 

Z ° \ 
z and depends on z only. \ 

WriteF(z)= J f(t)dt \ 

z ° V"" 

Let z + h be a point in the nei ghbourhood-of^. 

z+h z 

f(z + h)-f(z) = J f(t)dt~\f(t)dt \ \\ 
z 0 z 0 


Tut y<mr OmiWotes 


' f(t)dt+\f(t)dt = f f(t)dt \ 

J J J \ 1 


|F(z + /z)-F(z) 


V\\ 

. z+h \ \,v_ . z+A 

-/( z ) = f i = j^| j [/(0-/(*)]* 


1 z+h 

-]^l J 

[|/(f)-/(z)| <e for\t-z\ <8becauseof continuityof f(z )] 
|f(z+/z)-F(z) . J ,. , ■ 

r»r ___ L __•_ L _/l <7 1//^ urkioli fon/lp fn fl an n _i A 


or — -^-—-/(z) <g which tends to 0 as e —» 0 

Thus, lim—-- -j- -^-J-/(z) = 0,, or F'(z) = /(z) 

Thus the derivative of F(z) exists and soF(z) is analytic in£>. But we 
know that the derivative of analytic function is analytic. 

Therefore F'(z).i.e./(z) is analytic in/). 

Remark: Suppose that 

f( \ 7~i\ 2 7 ZGA (l;r)\{ 1 } fei/zeA\{0} 

/(z)= (z-1) ,g{z)= z 2 


* V , 

’•S' 

L; : ■t j 

L" '? x 

j I It f - 


[l*/ Z = 1 


0ifz = 0 


Then, for any simple closed contour in A(l;r) we have | f(z)dz-0. 
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However f is not analytic for z e A(l;r) since f is not even continuous at 
z = l. Note that Morera’s Theorem is not applicable since the continuity 
requirement is not satisfied. 

Similarly for the g(z) defined above we known that J g[z)dz = 0. Again 

l z M 

g is not analytic in A, since g is not continuous at z = 0 

5.12. Theorem 

A necessary and sufficient condition for a function /(z)to possess an 

indefinite integral in a simply connected domain D is that the function is 
analytic in D . Further , any two indefinite integrals differ by a constant. 

V 

5.13. Theorem (Cauchy’s Inequality) \ ^ . \ \ 

If / (z) analytic within and on a circle C, given by z - «|~=T(jand 



If |/(z)| < M for every z on C, then,.. f^ {a) 


Proof: |z-a| = /?=>z-a = Re ,e => dz = iRe' dQ =>'|a!z|,= RdQ 

We know that f {n \a)=^~\ ' x v-- 
Lm c \z-a) 

\ ^ 

f (n >(a) <— y — 1 1 < , Rm=-~,2nR 

2xi* c \z-a\ 2nR n+x 
or f%)<^ 


&Ha) . , M 

Remark: If take a„ =-— then \a„ < — 

" «! 1 n ' R n 


28A/ll, (First Floor) Jia Sarai, Hauz Khas, Near I.LT„ New Delhi-110016, Ph.: (011)-26537S27, Cell: 9999183434 & 9899161734, 8588844789 
E-mail: info(a),dip s ac ade mv.com; Website: www.dipsacademy.com 














An ISO 9001 : 2008 Certified Institute 


- Some Important Theorems and 


CHAPTER 6 

SOME IMPORTANT THEOREMS AND 
ITS APPLICATIONS 

6.1. Liouville’s Theorem 

A bounded & entire function is constant. 

First Proof of Lowville’s Theorem: 

Since / is bounded onC, there is a finite M such that |/(z)| < M for 
ze C . Let a be an arbitrary complexV'number‘ and' let 
T = I z: z = Re ,e , 0 < 0 < 2n) , where |a| < R < oo . Then/' according to the 

v ' ' V S s ^ s '- 

Cauchy integral formula, we have \'NT''’'-' 

»r 




2 ni ir \z-a z 


/U 2>riV z(Ka)^ ‘ \ 


so that for each fixed a , we have \ 

Which approaches zero as R -> oo. Thus^t'S") = / (0) for each a e C and 
hence, / is constant. 

Second Proof of Liouvill’s Theorem 

By hypothesis, there exists a finite M > 0 such that |/(z)| < M for |z| < R 
and for any R> 0. Equivalently, |/(&z)| < M for |z|<l . In particular, 
|/(0)| < M . Set 


g(z)= /W-/(Q) iN <i. 

’ 2M 11 

Then g satisfies the hypotheses of Schwarz’ lemma for each R> 0, since 
g(0) = 0 and 

' K ;| 2 M 2M 

Hence, we have |g(z)| < |z| for |z| < 1. In other words, 

\f(Rz)-f(0)\<2M\z\ for |z| < 1, 
or equivalently, 

I fi z )-f (°)\^^-\ z \ for M<*- 
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Again remember that M is a fixed constant, whereas R is at our disposal, .. 1 

and can be chosen as large as we please. Thus, restricting z in the unit disk Own Ihfetes 

z <1 and letting R tend to infinity in the inequality, we find that 
/(z) = /(°) for \ z \ < 1 , which, by the Uniqueness theorem, gives 
/(z) = /( 0) forallzeC) and so / is constant. 

Proof: Let /(z) be an entire function such that |/(z)j <M VzeC. 

Then by Cauchy in equality we have 

f n (z) Vz g|z-z 0 | < /? 

R 

taking n = 1 , N , '\ 

/x V x N 

Since f(z J is entire, so we can take R as large as possible i.e., /?->oo. 


i i m x v ■ 

=> \f\ z )\ - T 0 as R oo i 

. \ \\ 

i.e.|/'(z)| = 0 VzeC — 

=> /(zj is constant 

\ \ 

Note: Non constant entire functions must be unbounded. 

\ \ 

Example: If / is analytic & /:C —>'|.z,:jz| <’lj & _/(l + 10;) = -then 
find the value of /(l -1 Oi) is? 

Solution : Since / is analytic on C => 1 is an entire function also we have 
{/(z):zeC}c{z:|z|<l} 

=> / is a bounded function so by Liouvilles theorem / is a constant 
function 

3/ wi VzeC 

- IOi > ,1 

Results on Liouvilles Theorem: 

1. If / is entire & if 3 an M >0 with |/(z)|>Af VzeC , then / is 
constant. 

Solution: Since M > 0 => /(z) does not have any zero in C . 

Let g( z )~ 7 t => |g(^)| = 7 t <— 

^ J y( z ) ^ ^ /( z ) u 

=> g(z) is entire & bounded & hence g(z) has to be constant => 
/(z) is also constant. 




r xNN'N’- -N 


sU: ;■ i 

.r. . *-* -. 
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2. If /(z) = m + zV is an entire function & either of the it & v are 
bounded then / is constant. 

Solution: 

Case (i) Let /(z) = u + iv & M > 0 such that u<M . Let us construct a 
function g(z), such that 


Put your Own Notes 


r(z) = /^ = 


u+iv w _ it* 

e VzeL 


=> jg(z)| = = e u < e M VzeC 

Since g(z) is entire & bounded => g(z) is a constant function & so 
/(z) is also constant. s \ ' 

Case (ii) Let v < M again constant a function <|>(z) 'such tliat 
<jj>(z) = e _ ^^ => |(}>(z)| = e~‘f^ = e v <e^ \ '■ ' 

\ 'v \ 

Now, since c})(z) is entire & bounded so '<)>,(?) is constant & hence 
/(z) is constant. 

\ — 

Corollary: \ \ 

(i) If /(z) = m + zV is entire function' & it (x, y) > M for some M >0 

then / is constant. \ s .. 

(ii) If /(z)=m+z'v is entire function & v(x,y) > M for some M> 0 
then / is constant. 

3. Let /(z) = n + /v is entire function such that, either au + bv<C or 
au + bv>C then / is constant. 

Solution: Let /(z) = u + iv is an entire function. 

Case (i): When au +bv<c, construct a function g(z) such that 

g(z)=g( a ^)(' y+ ' v ) = e ( a ~' 6 M z ) 

=» g(z) is a bounded entire function so g(z) 
is constant & hence /(z) is constant. 

Case (ii): When au + bv>c, construct a function <j>(z) such that 
<j>(z) - e “( a_a ’K" + ' v ) =e \™+ bv < av -“)) 

=> |<j>(z)| = e^ a ~ ib ^ (u+iv} = e< au+bv ^ <\ 

e c 

=> 4>(z) is constant & hence /(z) is constant. 
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Lemma: Let / is an entire function & D is a bounded region of C, 
then f[D ) is bounded. 

Proof: Let if possible / (D) is unbounded 

Let (z„} be a sequence in D such that for any n c N, |/(z„ )| > « . 

Since, (z„) is a bounded sequence so 3 a subsequence (z nt ^ such that 


“ z. =z,^DudD. 

n k —>oo rti U 


Also, since / is entire => / is regular at z 0 =-> lim /(z ) = /(z 0 ) 

nf'-'+o o \ k ' 

But |/( z nj| >n t for every n k \ 

=> f{f nk ) is a unbounded sequence which is a cpntratliqfion. 

Hence, /(/)) has to be bounded. 


4. Let /(z) = « + iV is an entire funcS0n*-&jD \e\bounded region such 
that for any zeC, 3z'eD such that then / is 

constant. ■, \ N \ 


Solution: Since for any zeC, 3 z' eL>'’'Suchtha\ 

Z(z) = /(z') => /(C)c/(D) ^ \-~ 

But D is a bounded region => jf ^j^i^rtounded set. (using above 
lemma) & hence / is a bounded function: 

= 5 - / has to be constant. 

5. Let f(z) = u + iv is an analytic function in extended complex plane 
then /(z) is constant. 

OR 

The only function which is analytic on the Riemann sphere is the 
constant function. 

Proof: Since / is analytic at z = co, then lim /(z) is finite. Let this 

|z|-»°0 

limit be L . i.e., for given s>0, 3 an R> 0 such that 
|/(z)|-|Z,|<|/(z)-Z,|<£ whenever |z| >R & so, in particular, / is 
bounded for |z| > R also by continuity of / on the compact set 
{z:|z|<i?}, / is bounded on the whole of C. Hence by Liouville’s 
theorem / is constant. 

6 . If /:C-»C is analytic & /(z) = /(z + z 1 ) = /(z+z 2 ) VzeC 
where Zj & z 2 are the two non zero complex numbers such that 

— g R , then / is constant. 
z 2 

OR 

If / is an entire function & have two linearly independent periods over 
R then / is constant. 


Tut ymtrOwn INbtes 
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Proof: Since z ( /z 2 is not real, each zeC can be written in the form 

Z — A,| Zj + A-2^2 

Where ^i,^ 2 e ®- But A, ( and A , 2 may be written as and 

X 2 =t 2 + « 2 , ^at is 

Z = (/, + «1 )zi + (f 2 + «2 ) z 2 = ('l z l + h z 2 ) + («l z l + «2 Z 2 ) 
for some integers n^,n 2 and some 0 < t,, t 2 < 1. Obviously if Zj and z 2 
are the periods of / , so is m l z l + /« 2 Z 2 f° r any integers m, and m 2 and 
hence, we must have /(z) = /(/[Zj + t 2 z 2 ) ■ Thus, the behavior of / is 
now entirely characterized by its behavior on the parallelogram 
{t 1 z,+t 2 ^2 ; 0-ti-t2 <1 }- \ 

From the analytic ity of / , it follows that |/| is continuous on the 

f v 1 ~'s- 

closed parallelogram D = + t 2 z 2 :0 < t { ,t 2 A.l}-.and ~ so, / is 

bounded for all zeD. Consequently, / is bounded.on~C . We then 
conclude, by Liouville’s theorem, that / is constant.-,.. 

7. A function which is harmonic & bounded'in C milst he constant. 

Proof: Let u{x,y) is harmonic function &\|w| <'M/for some M e R 

\ \. ’ \ 

Since u is harmonic =>, 3 a v such, that ftz)-—u + iv is analytic o 
C =>/(z) is constant & hence u(x,y) l’SvConsfant. 

Question : Let /(z) be an analytic 11 ; function on C and 
f(z) = f(z + l) = f(z + i) V z eC7then\“" 

1 

(a) — has no pole. 

(b) / is analytic at z = oo 

(c) /(z + a) = /(z) VaeC 

(d) /(C) = C-{0} 

Ans: (a), (b) & (c) 

Solution: since (l, i } is a linearly independent set over R=>f(z) has 
to bounded and hence constant. 

Question: Let V be a vector space of entire functions over C . If 
/ & geV such that |/|<|g| then / & g are linearly dependent. 

Solution: Since |/| < |g| => g does not have any zero in C . 

Define, h(z) = - ^y} - VzeC 

zi z ) 

=> /z(z) is entire & bounded so /i(z) has to be constant i.e., 
h(z) = X VzeC & XeC. 

g 

=> f=kg- 
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8. If /(z) is entire function satisfied by the condition |/'(z)./(z)| <1 
then show that /(z) is constant. 

Proof: Let us constant a function g(z) on C such that 

S ( z ) = ^[/( z )] 2 

=> g'(z) - f (z)./'(z), since /(z) & /’(z) are entire function & hence 
so is g'(z) 

Also |g'(z)| = |/(z)/'(z)|<l 

Hence g'(z) is bounded entire function so by Liouville’s theorem we 
have, g'(z) is constant 'x'-O 

Let g'(z) - A OOsJ”'- 

=> g(z) = Az + B K 


fPwf 1/owr Owt iWotes 


N 


f(z) = p(Az+B) 




\ \\ 


\ 


Since /(z) is entire so it cannot have Branch point at z = 

=> /(z) = V25 hence /(z) is constant. \ 

6.2. Fundamental Theorem of Algebra ih C'"' x ' 

Every non-constant polynomial of degrees, >, 1 with complex coefficients 
has at least one complex zero & hence exactly n- zeros. 

OR 

n 

Let p(z)- X a k ?k a 11011 constant polynomial of degree n>l with 
k =o 

complex co-efficient. Then, p{z) has n zeros in C i.e., 3 n complex 
numbers z 1 ,z 2 ,....,z n , not necessarily distinct, such that 

n 

p ( z)^ri(z-z*) 

k=l 

Proof: If a e C, then by the ‘division algorithm’ there is a polynomial q of 
degree n-1 such that p(z^-(z ~ a)q(z^ + R, where R is a constant. 
Clearly, 

i? = 0<=>/i(a) = 0<=>z-fl is a factor of /?(z). 

Since there exists a z, such that p(z[) = 0, z-z t is a factor of p[z) with no 
remainder term. By the ‘division algorithm’ there is a polynomial p n _\ of 
degree n-1 such that /?(z) = (z-z 1 )/> n _ 1 (z), because 

p(z)-p(z x ) = a\(z-z x )+... + a nA [z n ~ X -) + (z* - zf ) 

= ( z ~ z i )/Vl(4 


,;L : "-A-: 


-Li/ 

''"■r . LLy/; 

• 
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This shows that p has a linear factor z - z l . Thus, if n > 1 , then by 
applying the same principle we conclude that there is another complex 
number, say z 2 , such that p n _ i(z 2 ) = 0 and so p n _ x has a linear factor 
z-z 2 . Proceeding in this manner, we can express p uniquely as a product 
of linear factors: 

n 

P{ Z ) = a nY[(. Z ~ z k) 

k=1 

Where Zf,z 2 ,...,z n are (not necessarily distinct) the zeros of /?(z). 

Corollary: Every polynomial p{z ) of positive degree omits no values, i.e., 

p(C) = C. . 

Proof: If /?(z) is a polynomial of degree n , then </(z)- p(zj- a is also a 
polynomial of degree n for each fixed aeC. Since,./?(z) has n- zeros. In 
other words, for each aeC there are n points zj',z 2 ,...,z n such that 

p[zj j - a = 0 for j = 1,2,..., n. Thus, p( C) \ 

. \ \ \ 

Theorem: If a polynomial p(zj with real coefficients has a zero at a such 
that lm(a);*0, then the complex conjugate a x is,jalso a zero of p(z). 
Indeed, if a is a zero of order k then a rsalso v a'zero with order k. 

Proof: Set p(z) = u 0 +a l z + a 2 z 2 + ^z’S'^where a 0 ,a 1 ,a 2 ,...,a n are all 
real and a n *0. Since a is a zero of\/?(z)y we have p(a)~0 . Taking 
conjugation on both sides, we have /?(a) = 0. Hence, a is also a zero of 
the polynomial p[z). To prove the second assertion we note that if p(z) 
has a zero at a of order k , then 

/?(a) = p (a)=... = p^ k ^(a)=0 and p^( a)^0 

Which would then imply that 

/?(a) = /?'(a) =... = p^-^ (a) = 0 and (a) *0 

Thus, complex zeros occur as conjugate pairs with the same multiplicity. 

Convex Hull: The convex Hull of a set D c C is the intersection of all the 
convex sets containing D. 


T&y<ntrpwn Mates 


(i) Convex hull of D is the smallest convex set containing D. 

(ii) The convex hull of empty set is the set {0}. 

(iii) The convex hull of D is D itself provided D is convex. 

(iv) The closed convex hull of D is the intersection of all the closed convex 
sets containing D. 

(v) The convex hull of points zi,z 2 ,z 3 ,...,z n eC is the set of all linear 

n n 

combination z = j 0 < Xj < 1 

7=1 7=1 


- 
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Gauss’s Theorem 



Suppose that /?(z) is a polynomial of degree n > 1. Then every zero of 
p\z) lies in the convex hull of the set of zeros of p[z). 

Proof: Let p(z) be a polynomial of the form 

n 

pto-m*-*)- 

k=\ 

where z 1 ,z 2 ,...,z„ are (not necessarily distinct) the zeros of p[z). Thus, by 
logarithmic differentiation, it follows from the above representation that for 
z * z k 


Tut y<mr Own Nates I 


p{ z ) = y 1 ^y ( z Zk ) 

P ( Z ) k=l z ~ z k k=\\z~z k f 




so that 


p'( z ) ) a _l_ / x 

i-wJ'S L*H (tY 


Z n -1 \ \ 

ELk-d* 

Hence c is of the form c = X k z k , where 


\ '- 

If ceC is such that p{c) *0 and p^cj= O.^tben the above equation 
becomes * 

. ' oO\— 

V” z,lr-z,r 2 \ v- 






K' spn I 1-2 ’ j 1,2 ’•••’"• 

La c - z k\ 

This shows that if z l ,z 2 ,...,z n are the zeros of p(z), then for every zero c 
of p'(z) there are non-negative numbers \,X 2 ,...,X n such that 

n n 

c = £ X k z k , with V X k =1: 

*=i k =l 

The above construction uses the fact that / 7 (c) *0. If /?(c) = 0 = p'{c ), 
then we simply take X 1 = 1 and c = l.c. 

Note: If all the zeros of a polynomial />(z) have negative real parts, then all 
the zeros of p'(z) have negative real part. 

6.4. Luca’s Theorem 

If all the zero’s of a polynomial p n (z) lie in a half plane, then the zeros of 
the derivative also lie in the same half plane. 
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Proof: If z l ,z 2 ,....,z n are the zeros of the polynomial p n (z) , then by 
Gauss’s theorem all the zeros of p[z ) are in the convex hull of the set 
{zj,z 2 ,...,z „}. Given that Zj,z 2 ,....,z n are in some half plane since every 
half plane is convex & hence contains the smallest convex set, i.e., the 
convex hull of {zj,z 2 ,...,z b } . 

Corollary: If all the zeros of a polynomial lie in the smallest convex 
polygon, then the zeros of its derivative also lie in the same polygon. 

6.5. Generalized Version of Liouville’s Theorem 

An entire function / , which satisfies the inequality |/(z)| <M |z| a for 

some a > 0, a € R, M > 0 & for all sufficiently large |z|, then \ 

\ , \>> 

/(z) = a 0 + < 2 jZ + a 2 z 2 +.... + a r z[ a ] , ... 

Where [al is the greatest integer function of a. 

L J 'v_, . 

Note: ■' —V\ 

^ \\ ' 

(i) There can be no bianalytic together (i.e., a~bijection_which is analytic 
together with its inverse) mapping of theXunit’disk A onto the whole 
complex plane C or of the upper half-plane cmtajCj' 

\ ” 

(ii) If / is entire & |/(z)| <A + i?|z| a V shfficiehtly large |z| & for some 
fixed constants A, B & 0 < a < 1, then / inconstant. 

Corollary: Let / is entire & |/(z)| ^X^'sy'z e C then /(z) = Az^. 
Proof: Since by extension of Liouville’s theorem we have 
/(z) = a 0 +a { z +... + a r z r , r = [a] 

Since |/(z)|<&|z| a => /(o)=0 => a 0 =0 
Now consider 


Tat yottr Own Mates 


ci\+a 2 z + „.+a r z r < A:|z| 7 


f(z) 

=> lim—-— = 0 => < 2 [ =0 

0 Z 

& similarity we have that a i = 0 Vi -1 to r — 1 
=> f(z) = Xz r . 

Example: Let /(z) be an entire function & /'(z) = f(kz), |k|> 1 VzeC 
=> /(z) is constant. 

Solution: Let Zj,z 2 be complex numbers such that z t + z 2 
Sine e/(z 1 )=/(fe 1 ) 






■mmkmm . << : r, 
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Consider j f(z 2 ) - f{z x )| = \f(z x ) -/(0) + /(0) - f(z 2 )| 

^|/(^i)-/(°)|+|/(^)-/(o)| 


£ £ 
C —I— 
2 2 


|/(z 2 )-/(z 1 )|<e 

r t \ /' / \ w _ _ _ 
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CHAPTER 7 

TAYLOR AND LAURENT EXPANSION 
AND COUNTABILITY 

7.1. Tayior Expansion 

Suppose that /(z) is analytic in a domain D 
V z 6 [z : |z-z 0 | </?},/ has the Taylor series expansion 

/( Z ) = IX( Z - Z o)” 

n=0 \.■ 

A n )(,..\ i . /YM .\S. ' 


'Put y&ur Own Motes 


1 

r m 

2x1 

l(r- 7 A n+l 


Where C = [</|<^ - z 0 | = r} & 0< r < i?. 0\ v - — ' 

Results: x 

(i) The series ^a„(z-z 0 )" converges to,/ Uniformly in |z-z 0 [<6, 

n=0 \ 

where 5 can be taken as large as possible such that / remains analytic 
in|z-z 0 |<8. \ 

(ii) The Taylor series is nothing but the poivSr series. 

(iii) The radius of convergence of this Taylor series is the distance of nearest 
singularity from the point of expansion z 0 and is denoted by R . 

Corollary: When z 0 = 0 then the Taylor series expansion becomes 

co r(0 ) 

/(z)- --z" (|z|<ie) is called a Maclaurin series. 

n-0 n - 

Note: If / is entire then for any z 0 e C, / has infinite radius of 

convergence of its Taylor series expansions. //.y/.g/i/,/ 

7.1.1. Zeros of Analytic Functions 

Let / is analytic, f(z)& 0 in an open set D then z 0 e£> is said to be a /T , > 
zero of order m if /(z 0 ) =/'(z 0 ) = ... =/ m_1 (z 0 ) = 0 &/ ra (z 0 ) 0. " j s 

Example: Let /(z) = zsinz, then /(z) is analytic on € . 

Now consider /(0) = 0 ‘V | 

Also/'(z) = zcosz + sinz=^/'(0) = 0 y 

/''(z) = -zsinz + 2cosz=>/''(0) = 2?i0 

Hence / has a zero of order 2 at z = 0. ■" i < 

Proposition: A function / analytic at z 0 has a zero of order m at z 0 if and 

only if/(z) = (z-z 0 ) m g(z), where g isanalyticat z 0 & g(z 0 )^0. | 
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Proof: Since f is analytic at z 0 so / admits a Taylor series about z 0 . 

oo 

ie - f(z) = Z a n( z ~ z of 


Since z 0 is a zero of order m 

f m (z ) 

^a Q =a l =..=a m _ l =0&a m =— -~-*0 

m\ 

CO 

i-e- f{z)= 'Z a m + n{ z ~ z o) m+n 

CO 

or/(z) = (z - Z 0 r Z b n ( Z - Z 0 T where K = a n+m ■ X 

/z=0 \ 

00 ’'V'--.. ' 

Let ^b n (z-z 0 ) n converges to g(z) uniformly on |z-Zoj<5:'wehave.. 

n=0 s — 

(i) g(z) is analytic in |z-z 0 |<5. , 

V-\ 

(ii) g( z o)*° as g( z o) = h Q= a m 

Example: Consider /(z) = z-sinz \ V\ 

=> /'(z) = l~cosz, f"(z) = sinz ■ S 

=> / W (z) = C0SZ 

&/(o)-/'(o)=r(°)-o but /"(o^-i/ay-.... 

Hence /(z) has a zero of order 3 ‘ \>^ ’ 

** **•>*»-' 

Result: If f 8c g have zero of order m&n respectively at z = z 0 . Then 
A(z) = /(z).g(z) have zero of order m + n. 

Proof: 3 an analytic function f such that /j(z 0 )^0 , 
/(z)=(z-z 0 )'" J /j(z) 

Let g(z) has a zero of order n at z = z 0 . 

3 an analytic function gj such that g, (z 0 j ^ 0 

g(z) = (z-z 0 )”gi(z) 

Consider h(z) =(z - z 0 ) n+m . f (z)g l (z) 

h has a zero of order m + n since / 1 (z 0 ).g 1 (z 0 )^0. 

Theorem: Every zero of an analytic function / (x 0) is isolated. 

Proof: Suppose that / has a zero of order m at a. Then there exist a 
£ > 0 such that 

/(z)=(z-a) m g(z), \z-a\<R, 

Where g is analytic at a and g(a)*0. Let |g(a)| = 2e>0. Then for this 
e , since g is continuous at a, there exists a 6 > 0 such that 
|g(z)-g(a)|<e whenever |z-c|<6. 


iWmm 

t'4r- 
m':- 
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Therefore when |z - a\ < 8 we have 


k( z )l = |?( a )'-W a )~^( z )]|-k( a )hk( z ) _ ^( a )| >2e_£=e - 

Thus, g(z) & 0 in A (a; 8) (We remind the reader that we have already 

notice this point while discussing the limit of a function. But |z-<z| m ^ 0 in 

jz-a|<8. Hence, /(z) = g(z)(z-a) m ^0 in this neighborhood except at 
a . This completes the proof. 

Example: Find order of zero of the function z m sin z at the origin. 

Solution: Let /(z) = z m & g(z) = sinz 

=> /(z) has a zero of order m at z = 0 & g(z) has a zero ..of order one at 
z = 0 x -p.. p' 

=> /i(z) = /(z).g(z) has a zero of order (m + l) x \ 

7.1.2. Identity/Uniqueness Theorem \\ - 

v S^ v, * , v Vt 

Let / is analytic in D & z 0 e £) ;\if there^a sequence ^ ->z 0 , z n &z 0 
for any n eN & f{z n ) = 0 V« eN. Theh\ 3^-5-> 0 such that 
/(z)sO Vze|z~z 0 |<8 & hence /(z)=f) in 'D. ' V 

OR 

Let / be analytic in a domain D & let~5 bq^the_. set of all zeros of / 
which has a limit point in D then /,(z)=f^jn D i.e. /(z) is identically 
zero in D. VNL 

Note: The / is defined on the connected’&'Oppn set D. 

Example: If Z) = C\{z:l<|z|<3} &if/:£>-» C is defined by 


3*Ut ymrOvm^fptes 


f( z ) = 


0 for |z|<l 
2 for Izl >3 




then / is an holomorphic function on D & its zero set {z:| z |< l} has a 
limit point in D, yet / is not identically zero in D. 

Corollary: Let / & g be analytic functions in a domain D & let them 
coincide on a set which has a limit point in D. Then /(z) = g(z) for 
every z in D. 

Proof: Define h[z) = /(z)-g(z) 

Let z 0 be a limit point in D such that /(z 0 ) = g(z 0 )=>/i(z 0 ) =0 in 
D => A(z) = 0 by identity theorem. 

Note: The Taylor series expansion in real & complex are same. 

Example: Consider /(z) = sin 2 z + cos 2 z 
& g(z) = l then we have 
/(z) = g(z) VzeficC 

But every point of z e K is a limit point in C => /(z) = g(z) in C 
i.e. sin z + cos z = l 
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Note: From here we can conclude that all the trigonometric identity which 
holds in R also holds in C. 

( 1 h 

Example: Let / is an entire function & / — =0 VneN 

\2 n ) 

Now, consider^ = {z:/(z) = 0j 


i.e., A = < — :neN 

U" J 

=> ‘ 0 ’ is the limit point of A&OeC => /(z) s 0 by identity theorem. 
Example: Let / & g are entire functions & / (— j = g — j V n e N 

w KnJ 

Now consider /i(z) = /(z)-g(z) =>/i(z) is entire 
& let A = | z: h (z) = 0j V' - 


= -:neN 


=> ‘ 0 ’ is the limit point of A & hence /z(z) = 0 .on C . 

Example: Define ^ = |/ is entire: / —^ •-./ — 

then find out the set A. 

Solution: Define g(z) = z 2 ■ 

Define h(z) = f(z)-g(z) 

Then /i(z) = 0 on the set A = j— :n e N|u |-— :« e n|. 

Since ‘ 0 ’ is the limit point ofyf&OeC => /z (z) = 0 on C 
i.e. /(z) = g(z) = z 2 
i.:/(z) = z 2 1 

Example: Define A-If is entire: f\ —) = l = 4r| then find the set 


n J n~ 


f n 1 

Solution: Since / — = — 


nj n 


Consider g(z) = z 3 & consider 7z(z) = /(z)-g(z) 

Aj = {z: /i(z) = O] also zero is the limit point of A & 0 e C => /(z) = z 3 


Also/]— 1 U4- 


i Put your Own Iffotes 


V n J n J 

Consider g^zj^-z 3 &consider 1\{z)=f{z)-g x [z) ,, 

Let 5 = |z: h x (z )1 = Oj also zero is the limit point of 5 & 0 e C => (z) =0 y J || 

=> /(z) = gl(z) = -2 3 

=> ^4 is an empty set ' v .■ v; 
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Example: Let y- be analytic function ° n | z |<2 & y'| % / 2 + i|-_L then ‘ JPut J/OKTOwn. S'fates 
find the function /(z). 


Solution: Consider g(z) = |^— ; — then f(z) = g{z) on the set A 
where ^( = {zeC:/(z) = g(z)j 

i.e., A — l-Jl + —: n e n| =$-Jl is the limit point of A & 4l e |z: |zj < 2] 


Hence /(z) = g(z); 




Results: If the zeros of an analytic function are ncjt.jsolated then /(z) = 0 

throughout the domain of an alyticity:©;4 

\ N ' 

00 i "NA'' S ~' t 

1. If /(z)- ’Y_ i a n z n converges in jz| < R, R\0 , such.that / 2 (z) =/(z) T. '' ' 

k=° 

for every z in the open interval (0,2^) , thp4 /(z) is either 1 or 
0 Vze|z:|z| </?| . \ v ; 

2. If f <=.H(G) i.e. / is an analytic fufrotjohs such that /(*)=-/(-*) 


for every real number jc in G , then -/ (-z) Vz e in G . 

3. Suppose that f &g are analytic function on domain C & neither/ 

(iA 

nor g has a zero in C. Iff/'//) — = (g’/g) — Vn = 2,3..., then 

W \n) 

f(z) = cg(z ) in C. 

( f'\ ( 

Proof: Define /z(z) = — (z)- — (z) in D. 

w J UJ 

and A = |z e C: /i(z) = 0] 

= |— e C: n e N jk 

since ‘ 0 ’ is the limit point of the set A & 0 e C /i(z) s 0 on C. 

i.e.,^(z) = —(z) on C. 

=> /'(z)g(z)-g'(z)/(z)=0 on C. 

(VY f 

=> — (z) = 0 on C =>—(z) has to be a constant function 

^ / £ 

=>/(z) = cg(z). 




:r. / 

?v:v- 

.A cyr:.: 


. aA; ;v: : , 


. . - 


WifilSilSP 
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4. If f is an analytic function in the unit disk, {z n } n >, is a sequence of 

non zero complex numbers such that z n ->■ 0 as n -> oo & 
/( z „) = /(-z„) VneN, then / is even. 

/hw/* Define a( z ) = /(z)-/(-z) 
i = {zeC:A(z) = Oj & A = {z:|z|<lJ 
= {z„ g A: A(z n )->0} 

Since 0 is the limit point of A & 0 e A 
=> A(z) = 0 On A i.e. /(z)=/(-z) VzeA. 

5. If /&g are entire functions which agree on some interval '[a,b] c R , 
then /(z)= g(z) in C. 

Proof. Since the set of all limit points of [a, 6] is [a,6]-& \a,b] c C • 

/(z) = g(z) in C by using identity-theorem. . \\ 

7.2. Laurent’s Series/Expansion \ 

If / is analytic in the annulus: ^ < I zK R 2 (Where 0 < R-. <R 2 < oo), then 

\ A 

/ has a unique representation /(z) = Xw, for “any z in the annulus, 

)iez' 



fTutymfOim Motes 


\ ^ \ 
\ No¬ 


where 

a =-i-f «eZ 

■" 2m J c £»+i s ’ 

with C = {(^: |^| = rj and /?[ < z < • 


Corollary: If / is analytic in the annulus: R\ <|z-a| < R 2 (where /f L > 0), 
then, for any z in the annulus, / has a unique representation 

/M= t ( ” sZ)l 


with < r < R 2 . 


Let a function / ( z ) be analytic inside the annulus r <\z~z 0 \<R & on the 
bounding circles c,:\z~z 0 \*=r & c 2 :|z-z 0 | = fl. Then /( z ) can be 
represented by the Laurent series as 

oo +oo 

f{ Z )='L a n( z - Z oY + Z a -»( Z - a Y" 

n=0 n=+i 

RegularPart PrincipalPart 

Where a n = — [ dz 

Oiri J : \"+l 

Zra c (z-z 0 ) 


1 r 

/( z 

> dz 

2ra c 

( z ~ z o) 

-n+1 






, ji r , , 

■■ ■ ■ ■ v 




> * ' / • 'i 


cv* ipgfa a s 
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1. / (z) does not include any singularity in the deleted neighbourhood of 
z 0 . i.e. Laurent series is expanded in a neighbourhood of isolated 
singularity. 

2. The part containing negative powers of (z-z 0 ) is called the principal 

co 

part i.e. £ b „(z-z 0 )~ n . 


3. a „ (z - z 0 )" is called regular part. 

n=0 

4. In the Laurent series, let r 0 . Then, /( z ) is analytic iri\| z - Zo | < R 
except at the point z = z 0 . If /( z ) is analytic at z 0 also, then the 

Laurent series is same as the Taylor’s series. , . \ ' 

\ S X ^ 

5. If |/ (z)| <M Vz in the annulus r < |z - z 0 | < then.^ " - 
\a„\< M , .(2nP) = — , « = 0,+l,±2,... 

I «l 2np n +ll ) p n’ \ \\ 

Valid for all P, r<P<R. 

\ N 

\ X ^ 

6. Since Laurent series is unique, it can-be ''obtained by various methods 

like binomial expansions. \ S 

^ . 

7. Every analytic function / in annulus ’ite, < | z | < r 2 can be uniquely 
decomposed into a sum / ( z ) = /_ (z)^£ + '(z ), where / + (z) is analytic 
for | z | < r 2 (< /?,) & /_ (z) is analytic for | z | > r, (>/?,) . Where 

/+( z ) = Z fl «( z ~ z o)" 


fpjtT Ifrwsr Own-Motes. 


& f-( Z ) = Z fl «( z_z o)” 


8. Let / ( z ) has Laurent expansion a n (z - z 0 )" + ^ b n (z -z 0 ) " then 

n=0 n=I 

^rf./( z )*=^rf IX ( z_z o)" ^ z IX ( z ~ z o )~" * 

Z/tZ ^ n= [ 


Where C is a closed curve. 


=^-o+z^i^( z - z or^ 

2ra ^2ni } c 

-Uz>iJ(z-Zo)Xz 


=- .b,.2ni = b\ 

2ni 

This is defined as residue of / ( z ) at z = z 0 . 


s i 


, < i m 




lilfPIHI 


,-v 


STj 

.. . 1 ..." 


fftL'.: S life: i®§ m$m 
Hi I I - n -/ 
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9. Residue of f( z ) at z = z 0 is the co-efficient of --- in its Laurent 

( z ~ z o ) 

expansion. 

Example: Residue of sinz at z = 0 is zero. 

Note: Entire functions have residue zero V z e C . 

Example: The function / defined by f{z)-\!z is itself a Laurent 
series at z = 0 in the annulus 0 <|z| < 00 . To determine the L 


1 1 


Tut your Own Motes 


z z-a [l + a/(z-a) 




, z-a > a, NN. 

o' ' ( z-a) n 1 
valid for \z - a\ > \a \. Similarly, for \z - a\ < laLVehaye 


1 Vf V x 

z~ a[l + {z-a)fa\~ ^ > «" +i \ 

v X * K 

Which is the Taylor series expansion of’“/-.jafX'~'valid in |z - a| < |a|. 

\ 'W 

1 ^ '\'S- U 

Example: Expand z + - -- nearx^ro. V^ 

' ' ‘ ‘Vw, . 

1 C\ N 

Solution: Let f(z) = z + - -- \ 11 " 

JK} (1-z) 


=> /(z) = z + (l-z) =z+ 1 + zH-+ ... 

v 2 

Which is the Taylor series expansion of /(z) near z = 0. 

7.3 Analysis of Singularities through Laurent Series ' - 

Let /(z) be a function having isolated singularity at z = z 0 then we have ’ , - T ; 

o° 00 

/( z ) E a n( z z o) + 'YjK{ z z o) g*. ^ ser j es on rigjjt hand side - , 

(RegularPart) (Principal Part) 

converges uniformly in 0<|z-z 0 |<i? to /(z) then §j fe 

- ‘‘ e . r*' *v Tv-v 

1. If there is no principal part then z = z 0 is either removable singularity or 

. . . 

regular point of /(z) i.e. if b n =0 V«eN then /(z) is either regular f§ ' |g||| 

at z = z 0 or removable singularity. || | ' gj 


2. If the principal part of the Laurent’s expansion contain the finite number H§ * | -- 

of terms then z = z 0 is the pole & the highest power of --y is jjj| 

defined as the order of the pole. |j | 

3. If the principal part of the Laurent’s expansion contains infinite number 

of terms then z = z 0 is essential singularity. • | 
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4. If /(z) has pole of order m at z = z 0 then 3 <f>(z) analytic & non 
vanishing in |z-z 0 |<5 for same 5>0 such that 

/W= X«_ 

(*"*<)) 

& conversely if /(z) = —^—, <j>(z)^0 & <j)(z) is analytic in 

( z ~ z oF 

|z-z 0 |<5. 

/(z) has pole of order m at z- z 0 . 

sin z 

Example: Show that the function- , r > 2 is a positive integer, has a 

z r \ "X\. 

pole of order (r-l) at z = 0. \ X""-~ ' 

Solution: We have that 

w « sinz 1 z 3 1 a SX 

/(*)-—-T z -T7 + hv-=^t.?(4\ N^- 

2 \ \\ 

where g(z) = l-^- + ... & g(0)^0 y_ \^J. V 

hence, / (z) has a pole of order (r -1) at z.-O. ' 

Example: Show that the function cosecz has rhsimple pole at z- 0. 

X . 

\ X \ 

Solution: Consider / (z) = cosec z =\- ! \ 

sinz 


& also 


f( z ) = 


(A fs 

Z Z 

z- — + — 
3! 5! 


= l_ z^ + 

z 3! 5! 


Tut your Own Notes 


= — + — + higher powers of z 

z 3! ]XX ;;■( v 

since the principal part of the Laurent series is the single term —. Hence, y - 

z 

z = 0 is a simple pole. *,iv X \ t \ 

Meromorphic Function * ' X 

A function defined in C is said to be meromorphic at any point z 0 eC, «''X *J 

either/(z) is regular or z 0 is non essential singularity. ' ; 

Note: 

1. Entire functions are meromorphic not conversely. > lr t'' 

2. Infinity is the only possible point for a meromorphic function to have |H§ | y | 

essential singularity. MM -/ 

(A , fsflt 

3. The function / is said to be meromorphic at z = oo if g{ z ) = f - is M | X * |§g§ 

meromorphic in a neighbourhood of z = 0. * > ’ 

is - J 

4. Sums & Products of meromorphic functions are meromorphic. 

5. The quotient of a meromorphic function is meromorphic, provided that Xf§ < §f 1 

the denominator term is not identically zero. 
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Taylor and Laurent ExpansiOifprid Gountabilit 


6. Every meromorphic function in an open set D admits a representation 
as the quotient of two analytic functions in D. 

Examples: 

1. /(z) = —— is meromorphic in C since the singularities of f are 

sinAz 

poles at z- kni, k eZ. 

2. f (a) — —-—- is a meromorphic function in C since 

sinz 

z = (2/j + l)-^,0,n eZ are simple poles of /(z). 

3. Define /(z) = cotz, since the singularity of /(z) are...wi(«e Z) & all 

the singularities are simple poles. But /(z) is not merotnotphic in 
because oo is a limit point of poles of /(zj. . '\\. \ 


Tut your Own Notes 


4. Consider f(z) = ~. -r then the singularity dfc^Yz]T'are given by 

K->) 


e z = z = 2nni,neZ& since 


\ \\ 


^{z-2rmi) f(z)=l*0 
=> z = 2nni, neZ are simple poles _ 

5. The function (z 2 + 4j ,e 1/z & fz^-^§inj - j are meromorphic in 

C-{0}, however they are not meromorphic in C. Because each of 
them has essential singularity at z - 0. 

Rational Function 

A function is said to be rational if it is free from essential singularity in 
extended C. More precisely z 0 e CIJ{°°} then z 0 is either regular point of 
/ or a non essential singularity. . _- x .. 

Note: Every rational function is meromorphic. . * 

Result: Every rational function can be expressed as a quotient of ' ^ ^ 

polynomials. : ' ^jT ' < 

i.e. /(z) = ^ 7 -r, /?(z)&#(z) are polynomials. A r 

q(z ) w \ / ■ |gjg|*s£ 

Proof: Since f(z) is a rational function VzeC , let z=0 e C be an | S * SSlIllS 5 

v ’ fgp /p r 

isolated singularity then 

f(~\ v ( \ n . v u ( \~ n r-^ j 


Also *( z )=/[^ J=IX Ty (*)" 

y n =Q yZJ n=l 


as /(z) cannot have essential singularity at z = oo. =>g(z) = / — cannot 

\z) 

have essential singularity at z = 0 
=> 3 a k e N such that a n = 0 \/ n>Jc 
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k m 


Taylor and Laurent Expansion and iCotinf: 


-n _ P{ z ) 


=> f(z) = Y, a n zn + £ b n z ~ n = f \ where f( z ) is a meromorphic /!PKt ymsr Omi Motts 

n =0 n=0 ^l\ z ) . .. 

ruii&tion. in C. But /(z) is again not a meromorphic function in C M as co 
is the limit points of the poles of /(z). 

Result: A meromorphic function in C can have only a finite number of 
poles in a bounded subset D of C. 

Proof: Let if possible /(z) be the meromorphic function & have infinite 
number of poles in bounded subset D of C. Then by Bolzano Weierstrauss 
theorem 3 a limit point of D & hence a non isolated singularity, 
contradicting the fact that / is meromorphic function p(z) &/z) are 
polynomials. \ ' vO 

N, 'v \ \ .> 

Result: Let / is entire and at z = oo has a pole then../ is (polynomial, of 

' V ** v v \ -4 ~» ’ 

degree equal to the order of pole at z= oo. . s /_ 

Proof: Since /(z) is entire so its Taylor series expansion about z = 0 is 

\ \ 


/( Z )"£ C n z "- 

n=0 


\ \ \ 


/ 00 1 •- N 

then / — = V a„— but /(z) have a pole at /=<» => 3 a keN such 
^ Z ) n=0 Z ” V" 


a„ = 0 V n > k 


. \ ■ 

\y~ — 
V. 'S, \ 


=> / ( z ) = X a n z " is a polynomial. 

n=0 

7.5.1. Theorem: Let /(z) be meromorphic in C and there exist a natural number 
n, M> 0, and R >0 such that 

|/(z)|<M|z| n for ]z| >/f. 

Then, / is a rational function. 

7.5.2. Theorem: The range of a non-constant entire function is a dense subset of 
C. 


-• ^ £3;:/f£i^r < 

SI ’ f I '1 1 


Proof: Let / be a non-constant entire function. Suppose on the contrary 
that /(C) is not dense. Then, there would exist a point w 0 eC and a 
neighborhood A(w 0 ;e) such that A(w 0 ;e)fl /(C) = 0. Then, for all z eC, ~ n 

we have |/(z)-w 0 |>e so that |g(z)|<l for zeC, where | < fjj 


g( z ) = 


/( z )- w o 


But then, g being a bounded entire function, would be constant, and hence 
/ would be constant, which is a contradiction. 

Remark: The range of a non-constant entire function is never contained in a 
half plane or in a bounded domain or in the complement of any simply 
connected domain in C. 


. 1 . 
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7.6 


Picard’s Little Theorem 

Every non-constant entire function omits at most one complex number as its 
value. In other words, if an entire function omits two values, then it is 
constant. 


Tut your Own Notes 


7.7 Picard’s Great Theorem 


7.8 


Suppose that / is analytic in A(z 0 ;r)\(z 0 } and z = z 0 is an essential 
singularity of /.Then C\/(A(z 0 ;r)\{z 0 j) is a singleton set. 

Casorati-Weierstrass Theorem 


If / has an essential singularity at z 0 and if w 0 is a given finite complex 
number, then there exists a sequence [z n } with z n x z 0 . such that 
f(z n ) —> Wq . In other words, / takes values arbitraril/'close to every 

complex number in every neighborhood of an essentialsingularity. 

\ \ X.. 

Results: X. x 

, ... Vx 

v, \ 

(i) If g(z) is an entire transcendental function/then near oo, the values 
assumed by g(z) are dense in C. i.e. g(z) takes'yafues arbitrary close 

to every complex number in every neighbourhood.of °o. 

\ ^ 

(ii) If / is an entire function such that, aj£ W /(C), a^b then 

/ is constant. \ % 


"\X V 


(iii)Every meromorphic function Q in Otha't omits three distinct values 
a,b,c e C is necessarily constant. ^ 

Geometrical Interpretation of Meromorphic Rational, Entire & 
Polynomial 



M-Meromorphic 

R-Rational 

E-Entire 

P-Polynomial 
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Power Series and Countability I 


CHAPTER 8 


POWER SERIES AND COUNTABILITY 


8.1. Power Series 

00 

Given a sequence (a n ) of complex numbers, the series ^a n (z-z 0 ) is 

/!—0 

called the power series about the point z 0 . 

00 - "X 

In particular, the series a n z n is a power series about theprigin. 

n=0 \ X 

Example: , V'\ - 

oo 2 n N>v ^ 

(i) ' v ~'XX v ' 


\ , v 

■ 




oo (2n+\) 

(ii) V(-l -- 

h (2n + l)! 

oo n 

m Yh' 


Results: \ \x.„ 

1. This series converges always for z = z 0 "&-this may indeed be the only 
point for which it converges. 

00 

2. If the series ]T a n (z - z 0 ) converges at some point z, then the series 

n =o K 

converges (absolutely) at all points in the disk |z -z 0 | <|z, - z 0 | = r . If 
the series diverges at z 2 , then it diverges V z e |z - z 0 | > |z 2 - z 0 | 

3. The largest R so that the power series converges uniformly at every :3 
compact subset of the disk |z — z 0 | < /? is defined as radius of T 

convergence ( RoC ). §j 

00 i) 

4- If (z-z 0 ) n converges uniformly to /(z) on \z-z (i \<R then Iff 

H=0 

00 nl % 
/(z) is analytic & ^na n (z-z 0 )" also converges on |z - z 0 | < R % 

n-\ :0 

8.2. Radius of Convergence (R.O.C.) 

00 X 

The power series ^a n (z-z 0 )” has radius of convergence R , n 

n=0 §§ 

V z s |z — z Q I < i?, power series converges uniformly • -J 


V.iv.iv 






1. The power series may fail to converge on z - z 0 1 = R . 


a i « stiigif 
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2. For any 5 > 0 3 z x e|z-z 0 |<^ + S such that ^a, ; (z-z 0 )" fa i is t0 T^Vour OwtlMcteS 

n =0 

be convergent at Z[ . 

3. The region \z-a\< R is called region of convergence of power series. ' 

Divergence 


what happens on the 
boundary may be unknown 


W. 

Vs 

\ \ 




Result: For the power series (z - z 0 ) r ‘\wYcaiLfmd R, its radius of 

«=o . \ ’ \ 

convergence, by any of the following methods':--., \ 

1 V —» \s 

(i) Cauchy’s root test: R = -— (provided the limit exists). 


I 1 I T U 1 kVUVt XV . , \ L/l W T 1UWU V* 

w J I il/n vt \ -1 

• I™ K ' VO 

\ x - 

\ S Y 

(ii) Cauchy-Hadamard formula: R - x - > —— 

lim sup|a„| 

n—>cc 

exists). 

(iii) D’ Alembert’s ratio test: R~ --—— (provr 

lim ^ 


(this limits always 


(provided the limit exists). 




(iv) R = sup l P: ^ a n ( z n ~ z af converges V z satisfying z - z 0 | < P 


1. R = 0 if and only if a n (z - z 0 )" converges only for z = z 0 . 

«=0 

00 

2. If R = 00 , then the series (z-z 0 )" converges V z e C. 

n=\ 

8.3. Circle of Convergence 

00 

Let R be the radius of convergence of the series (z-z 0 ) r ‘ then the 

n =0 

circle |z - z 0 | = R is called the circle of convergence & is the greatest circle 
about z 0 inside which the power series converges at each point. 
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Examples: 


1. Show that the series ]T—-J (2-4)" has radius of convergence 3 . 

00 

Solution: Comparing the given series with the ]>]a n (z-z 0 )" then we 


iPfSt y&wr Own Motes 


By Cauchy’s root test we have lim I a„ | 1/n = lim f n ~ - ^ 1 = — 

«->ool^3e + lJ . 3 

t \ 

Ifn 'v vv ' 

limit \a n \ n exits. Hence radius of convergencecol^given power 

n-y co \ 'O'"- 

\ X '' 

series is R = 3. \ -o 


2. Show that the series ' s £ j a n z n = 4z-+-5 2 z 2 V4 3 z 3 n XX 4 ,.-f 4 5 z 5 + ... has 

n-l V 'X- \ '' ' 


radius of convergence —. 


Solution: Here a n = 


. \X 

\ \ \ 


5 2m if n = 2m\ V'" 

4 2m+1 if n = 2m +1 \ ' 

,v 


i.e. ||a„| 1/n :neN| = {4,5,4,5,...} \ 

=> lim sup|a„| i/,! =5. 

n-t oo 

3. Find the radius of convergence of the following power series. 

© ix 


(ii) I2”.z» 




(iii) ^2"z 2 


(iv) £z* ! 

n ~0 

(V) I2"z n! 


(vi) 5*" 

Yj a n- Z " Wh ere 
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(1 + 2/)"; if n is odd 
(2 + 3/)"; if n is even 


(viii ) X^ z " 


(ix) X a « z " 

fi=0 


Where a„ = 


5"; where n is even 
3"; where n is odd. 


Solutions: 


(i) Consider X a n z " ~ X n z " 

n =0 n=0 

then we have a„=n 


1 ,■ a n +1 ,• « + l 

=> — = lim sup = lim sup- 1 

/? «-ko a n n —><» n 


\ ' 


=> R = 1. Where is the radius pkconvergence. 

t -a n l . .i i: .r__1 i■ 



2" +1 

sup 

2 


(iii)Put z 2 =/ => 2”z 2 " = X2".f" 

n=0 n=0 


111 2 1 
=> f <- => Z l <- 

11 2 2 


Hence radius of convergence of ^2".z 2 " is -4=. 

V2 


(iv) £z" ! = l + z + z 2 +z 6 +z 24 +... 
n =0 

fl; if 3fceNu{0) suchthat « = £! 
" [O; otherwise 
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( v ) Y 1 it n a z n has radius of convergence _ 

n B k 

n =0 

00 00 

(vi) If the radii of convergence of the power series ^ a n z n & ^ ]b n z n are 

n =0 n =0 

R, Si R , respectively then 

00 

(a) RoC,i.e. R of '£ j (a n +b n )z n isgivenby R > min{/?j,/? 2 } • 


(b) RoC , i.e. R of a n b n z n is given by R>R V R 2 ■ 

n ~0 

00 a R N. \ 

(c) .RoC, i.e. i? of ’Y J —z tl , b n ^Q is given by R>— t . 

n=O b n 3 '\\ 

\W ' 

Theorem: A power series /_ i a n z n and the k- times, derived-series defined 

n>0 "'"'■s,, 

by ^ n(n -1)...(«-ft + lja n z n ~ k hg.Ve~the-same radius of convergence. 
n * k 

Theorem: If ^a n z n has radius of convergence R> 0 , then 

n >0 

/(z)~]Ta n z” is analytic in |z|</?, /^j[z) exiAs’for every ke N and 


/ W (z) = ft!a* + £ 




(»-*)! 




Where a k =/ k \o)/k\ 

For example, the geometric series (1 - z) 1 - ^jT z" which converges for 1 

n> o S||? 

|z| < 1, after ft-times differentiation yields Iff! 

- Lr - E h*"-* ~ I fe —for U < 1. U 

(I-zf 1 SUJ ii «"! " 

In particular, z(l-z) -2 =£nz n for |z| < 1. j§| 

«>l 

; j|||p 

Corollary: If / is entire and if z 0 eC, then / ; (z 0 ) exists for n = 0,1,... 
and has the power series expansion 
f( n )( z A 

f{z)=Y. , {z-ZoY foraU 2 - §jj 






t® l! n p 
wB i - 


Remark: Now it is clear that entire functions are just those functions which 
are defined by the sums of the series ^T i a n z n where lim sup |a„| 1/n =0. 

n >o «-*» 

00 

Remark: Let f(z)=’£a n z n then 

n=0 

(a) a n - 0 Vn = 0,2,4,... if /(z) is an odd function i.e. /(-z) = -/(z) . 

(b) a n = 0 Vn = 1,3,... if /(z) is an even function i.e. /(-z) = /(z). 
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CHAPTER 9 


ARGUMENT AND ROUCHE’S THEOREM 
AND COUNTABILITY 


9.1. Argument Theorem 

Let / is meromorphic function and C be a simple closed contour such 
that no zero or pole of / lie onC. Let a h a n ,...,a k are zeros of order 
n u n 2 ,n 3 ,-,n k , respectively & b\,b 2 ,...,b r are poles of order. Pi>. x ,p r inC 

. Then '"xx 'V'x 

k \ ^ ' '"x, 

* . [/Lifldz = '*£ j n i -'*£ j p i -N-P where , \-^ v "x__ 

2n iif{ z ) 1=1 i=l '"C 

^ , 'Ox 

, \JX. 

N - Number of zero’s counting multiplicity. \ \ \ 

'S. 

p _ Number of poles counted upto order. \ — 

Corollary.’ If g ( z ) is analytic within and on C then X 


-4 g( z ) f -M dz =H n ig( a i ) 

2m * f(z) i= i i=i \ \ 


(z 2 -l)(k^lU^r e f(z) 

Example: Consider/(z) = -^- \Jo V thcn fmd \~7 (\ dz where 

(2z-3) (z-S^x^ q J \ z ) 


C:|z| = 6 

Solution: Since total number of zero’s of /(z) in |z| -6 are 4 & that of 

3 

poles are given by 2z-3 = 0 and z-5 = 0=>z = — &z = 5, order of the 
3 

poles at z = - is 3 order of the poles at z = 5 is 10. 

^ j£ifldz = 2ni(4-13) = -l8ni 
c /( z ) 

Example: Evaluate J z 2 cot 7 rzrfz~. 


r 2 . , r 2 cosrrz 

Solution: z cotnzdz = z - dz 

J J sinrtz 


Let /(z) = sinrtz then the zeros of /(z) are 0,±1,±2,±3,...,±10 i.e. the 
total number of zero’s are 21 . 


1 21 10 
f z 2 cotnzdz = —.2ni ^a 2 = 2i.2^V 2 
, _. ft i 


4jx10x11x21 


=1240/ 
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Example: Let f[z) = a 0 +a l z + a 2 z 2 +.... + a n ^ l z 1 ' 1 + a n z" & C:a simple 
closed curve containing all the zeros of / then evaluate 

(0 


put yew 


Solution: 


(i) Let /(z) have the zero’s a 1 ,a 2 ,...,a„ then we have 

ft / \ 

|z 7 ' tfe = 2m'(a t + a 2 +a 3 + ... + a n ) 


2rc/. —— 
a„ 


■ 2ni^aj 


= 2ni ^a t -2^a i a J 


\ v\ 


, 'X V"-' 


= 2tu -=*± -2 




_ a n-l ^ a n-2 a n 


Example: Let a,p,y be the roots of /(z) = z 3 - z -1 then 

Solution: — [ z 9 ^-y-^ dz = a 9 + p 9 + y 9 
2jij j /(z) 

Since £\x = 0, ]TaP—1 

Consider ^a 2 = (Z a ) 2 -2^a,p = 0-2(-l) = 2 

a 3 =a + l = l ^a 3 =]Ta+]£l 
-0 + 3 

a 3 =a + l=> a 9 =a 3 +l + 3a + 3a 2 

^X a9= Z a3+ E 3a2+ Z 3a+3 

-3 + 6+3 = 12 

i.e., — J z 9 ^~~ dz = 12 
2ra J /(z) 
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kJ 


Example: Evaluate [ — 


dz 


Z=1 


sinz 


Solution: Consider [ = [ 

J cin 7 . J 


dz 


\z\=i smz |zj=i 2 sin-cos z 

s ee 2 — z 

= | -—ffe = 2 ra since in|z| = 1 , /(z) = tan— have only one zero. 

|z|=i tan- 
1 2 


r e 

Example: Evaluate -t/z 

|Z|=3it ^ 


v, 


Solution: Let f{z)-e z -1 VzeC since /(z) is entire so„ /(z) have 

no singularity in C . & the zero’s of /(z). aregivenby e z -\ i.e. 

v --—V\ 

z = 2nni, n e Z, hence in |z| = 3n f (z) have three Zero’s. ' 

\ Y\ 


I 

14=3* 


x* z -b 


dz = 6ni 


\- 


V -v 


"v . 




' V ' 


9.2. Argument Principal 

Let f(z) is analytic with in & on a Virr$le^closed curve C & no zero of 
/ lie on C then if N is the number oWercTs of / with in C counting 
multiplicity. Then 

W=^A c arg/(z) 

2 m 

Where A c arg/(z) is referred to as the increase in the argument of /(z) 
along C 

u - h{ /w* =Ac “* /w 

Example: Evaluate the integral J tan jiz dz = 12 i 

|z|= n 

Solution: Let/(z) = cos 7 tz, now 


Consider [ -^^<fz = f ^j~ Z ) dz 
■ C0S7lz |zf=* ^( z ) 


14=* 

5 7IZ i 

are given by z = 


Since cos nz is entire so it does not have any singularity in C & its zero’s 
( 2 n + l) 



SYIilfl 


mm 


,neZ. But in z = n, cosnz have six zero’s in it 


• J tan 7 tz = (2ju‘)f — 

14* ^ 71 ' 


= — 12 / 
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WmmMWS. 

Argument ;& Rouche's Theor 

V®-': •svHv 



Now, let C 2 :|z| = l be a closed curve & /j (z) = -3z 3 
g,(z) = z 7 +l 
Inside | z] = 1, we have 

/, 3z 3 “3 


your Chm Motes 


=> |#i I <|./i | Insides |z| = l 

So By Rouche’s Theorem p(z) = f { (z) + gj (z) have same number of 
zero’s as that of /j(z) since /j(z) have three zeros in |z| = 1 => /?(z) also 
have three zeros in z = 1 v, \0 

\x \ -v 

Hence p{z) have 4 zeros in the domainD = [z:l<|i|,<:'Z} < \'" w 

l \ -v... ' 

Example: Define p(z) -a 0 + a x z +... + a n z n \ 


n \ 

&|a r |> Xl a (l w h ere l^r<« and r is fixed. 




Then /?(z) have r zero’s inside |z| — 1 \ 'X ' 

Solution: Consider f[z)-a r z r \ \ 

• . \\w 

& g(z)-a 0 + a l z + ... + a r _\Z r ~ x +fl + k r1 \.)Hi/ 

x 

On Izl = 1 we have — 


Z fl i z ' A, , 
'=1 U a i\ 


Then / &/ + g = y>(z) have same number of zeros. 

Since /(z) = a r z r have r zeros in |z| = 1 hence p(z) =(/ + g)(z) have 
r zeros in |z| = 1 

Example: Show that the equation e z = 2 + 3z has almost one solution in 
the unit disk |z| < 1 

Solution: Let /j (z) = e z - 2 - 3z, 

Consider /(z) = e z -2 & g(z)=-3z for |z| = l 

i i I oo n I oo i 

^ 7 . . V> Z , V 1 










Consider e z - z = -1 + Y* — <Y — 

„ I Z—l 




S " 1 


= e<3<|-3z| 

Since g(z) has only one zero in the unit disk, /(z) + g(z) has only one 
zero in unit disk/ 
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l V T S V,’ 

Argument & Rouche's TheoHSi 


9.4. Riemann’s Removable Singularity Theorem | 

::'Fu£yotsr..] 

If / has an isolated singularity at z 0 , then z = z 0 is a removable 
singularity iff one of the following conditions holds: 

(i) / is bounded in a deleted neighborhood of z 0 , 

(ii) lim /(z) exists, 

z->z 0 

(iii) lim (z-z 0 )/(z) = 0 . 
z->z 0 

Note: If f 8cg are analytic & if both have a zero of order n&m at z 0 
respectively, then 

Wehave/(z) = (z-z 0 )"/ 0 (z) & g(z) = (z-z 0 ) m go(z) 

W V>. \ 

Where / 0 & g 0 are both analytic & non-zero at z 0 Whence \ x - 

V y. ■ 

(i) If n = m then lim ~ = ^-7 J exists. : ~ 

^0f(z) £o(-) \ ' x ,y..y ; 

, . \ N\ : . k 

f(z) \ V- 

=e> . ' has a removable singulanty at'Zp . _ 


S\ z ) \ \ 

\ v» 

(ii) If. > m then has a removable singularity. \y._ 

\ 


(iii) If n < m then lim = 00 & tye'haYe^ifn (z - z 0 ) m n ^7 ^ ^ 0 & 

^Og(z) \ \z^z 0 g(z) 

, V 

exists. Hence have a pole of order (m - «) “at z = z 0 

f(z) 

(iv) If n<m then lim— 7 -f = °° & we have 

z->z 0 g(z) 

lim (z-z 0 ) m n ^ & exists. 

z ~* z 0 g{z) 

hence have a pole of order [m - «) at z = z 0 


/( z ) 


y- r ,: x ;. i v,yy; : .v 


fg|p|y 

. . y / 


3;V ’ ^><1- -d-'-: 

8»* ! 
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CHAPTER 10 


CALCULUS OF RESIDUES 


10.1. Residue at A Finite Point 

If / has an isolated singularity at z 0 , then the residue of /(a) at z 0 is 

Res[/(z);z 0 ] = ^.J c /(z)rfz \ v 

Where C is any circle centered at z 0 & lying inside a disk about z' 0 -. .„ 

\ \ . 

. \\ % - 

00 00 \ 

Note: Let /(z) = ^ a n (z - z 0 )" 4 6 n (z - z 0 )"' be.,the Laurent’s 


expansion of /(z) near z = z 0 then" 


\\ \ 


Resf/(z);z 0 l = t) 1 =-—f f(z)dz i.e. the. coefficient of - in 

2ni J \ \ \ z-z 0 

\ W 

Laurent’s expansion. , 


- ( ft 

Example: We know that the coefficienfof-^ tn"(l + z)“ is 


n . 

So, we may write - coefficient of z~ l in (l + z'f / z kJrl 

\k) 

= Res[/(z};0], /(z) = (l+z)"/z* +1 , 

2ni^ c z k+l 

Where C is any simple closed contour enclosing the origin (note that / is 
analytic for all z e C \ {0}). 


I* _ 1L / •yfj 

Similarly, we also see that = coefficient of z in (1 +1 / zj 

\k) 

= constant term in z k (l +1 / z)" 


Tut your Own Notes 


z k (\ + \!z) n 


■ - 


and therefore, we have 


A (n\ , (l + z)” r k 

V = Coefficient of z 1 in — r —.— z k 

Z-i Jr _*+i 

k=0\ K J [ Z 
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= Res[>(z);0] 

= Coefficient of z” in (l + z) 2 


Calculus 




Example: Find the residue of z e ° Z at 1 - ® 
Solution: Taylor series expansion of e az is given by 

iaz , . ( iaz f ( iaz f 

e = \ + iaz + -—— + -—— + .... 

2! 3! 

_ e iaz 1 ia (iaf (.iaf 

z 4 z 4 z 3 2!z 2 r.3! 




Hence the Res 


~z^e laz -0 


vw 

[ \ N \ e laI 

is the co-efficient of -vin the-expansion of —r 

N z \ \ \ z 4 


i.e. Res [" z^e iaz ; o] = -— 
L J v 


\ . 

\ V\ 


Results: 


1. If / is analytic at z 0 , then Res[/(z)>z 0 ]='0 


Proof: Since /(z) is analytic at ’z 0 so'its^Taylor series expansion is 
given by /(z) - ]>] a„ (z -z 0 )" , Hence there does not exist any term 


of-& henceRes[/(z);z 0 ] = 0. 

z-z 0 


2. If / has a removable singularity at z 0 , • then we have / • 

Res[/(z);z 0 ] = 0 . In particular, if jC is a simple closed contour j|||p 

containing only removable singularities at z t («: = l,2,....,nj inside C , 
then J/(z)<fe = 0. 


fgflgl 

Wmiii 


, . (cosz-l) 2 
Example: Consider /(z) = ---—— 


- f £* > 


Now lim 


. (cosz-l) 2 2(cosz-l) 

im -Z-_— — llrn —i_ L 


ft 
__ 


fPtPft! 

s . 


z ->0 z l z ->0 2z 

(-sinz) 

= lim--^ = 0 

z ->0 1 

i.e., lim /(z) exists finitely & hence z = 0 is a removable singularity 

z —>0 

of/(z). 

i.e., Res[/(z),0] = 0 



isBDHnis 
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Calculus-o 



3. If /(z) has an isolated singularity at z 0 & if / is even in z-z 0 i.e., 
f{ z - z o) = f(-{ z ~ z o)) thenRes[/(z),z 0 ] = 0. 

Proof: Suppose that / is even in z - z 0 . Then the Laurent series 
expansion around z 0 cannot have odd powers of z - z 0 

Example: Consider the function / defined by 

f( z ) = - Trl -{°}) • 

z Iz -a I 

Since /(z) = /(-z) => Res[/(z);0] = 0 


Tv&y<mir Own tiptoes' 


10.2. Theorem 


V. \v... 

If / has a pole of order n at z 0 , then 
Res[/(z);z 0 ] = ta -»)" 

V / V __ S~'N. \ 

/ \~k ' \ X ’ s 

The coefficient of (z - z 0 ) in the Laurent expansion's^. 


\ \ 


(n - k)l z-*z 0 dz‘ 


J™ ^t (( z “ z oY / ( z )» - 


(Case /: - « means that we have only to look at(%- z 0 ) n /(z).) 
Example: Consider the function /(z) = e 2 /epsh7tz. 

Since cos(iz) = coshz, and cosz = 0 iff z = (2k+l)n/2, k e Z, we have 


cosh7iz = 0 o z = — 


(2k + l)i 


Thus, / has a simple pole at z = -(2k + \)i/2 (k eZ). From this we see 
that if C = jz: |z—z/2| = 1/2j, then 


c f(z)dz = 2niRes 


„ 2 z ■ J 

e i . . e 

- =2m - 7 —— 

coshrcz 2 jtsinh(n//2) 




Inside the contour y:|z-z/2| = l, / has singularity only at z = it2 . §§$!$§& 

Therefore, if C is any circle around z/2 lying completely inside y then | I v 

. r w \j t « 

we have f(z)dz = 2e . ^gtgwte 

Jc 7 v ’ 


10.3. Theorem 


If / has a simple pole at z = z 0 and if h is analytic at z 0 and with 
M z o)*0, then Res[/(z)/z(z);z 0 ] = A(z 0 )Res[/(z);z 0 ]. 


-> jjPLf ' ? 

ms&m 


10.4. Theorem 


Suppose <|> is analytic at z 0 with 4>(z 0 J * 0 and g has a simple zero at z 0 . 

Then Res| <j>(z)/g(z);z 0 ]-<|>(z 0 )/g'(z 0 ). In particular, |||§j|J|| 
Res[l/g(z);z 0 ] = l/g'(z 0 ). 
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CalcuIjBro 

' J iff ^ ' f 



10.5. Theorem 

Suppose <j> is analytic at z 0 with <j)(z 0 )^0, g has a pole of order two at 
z 0 and h has a zero of order two at z 0 . Then we have 

(i) Res[<j>(z)g(z);z 0 ] = <j>'(z 0 )Res[(z-z 0 )g(z);z 0 J 

+(j > (z 0 )R es [g(z);zo] 

r;n pJ*W-1 6 V{ z ) h "{ z )- 2 b( z ) hM ( z ) 

V 11 ) Kes T7~\ ,z 0 — r , -,2- 

l h { z ) J 3 h"(z) 

L V 'J 7—7n *'•. 


Example: Let/(z) = ——, since sinz is analytic oirC so'Tli'e'zero’s of 
sinz 

\ < V . . 

sin z are given by z = kn:k eZ & they are the simple^pple'of f (z). 

i __ \ \ 

V * \. \ \ 

Consider Res ——;kn = cos (£ 71 ) Res - -{kk' 0\~~~ 

sinz sinz \ \\ 


i'2, _^ 

= cos(Atc) lim “-X;—- vV-z e k 

z-rkx .siri'Z; -.-. ^ „ 

\ x 
\ \ 

cos (k %). ^ 

=-)—( = r¥jteZ 

cos(£rc) \ V— 


Example: Let f(z) - --—, then /(z) have the singularities at the points 

coshz 

, , (2k + l)ni . , 

where coshz = 0, i.e., where z =-——:ke Z & these are the simple 


, • , (2it.+ l)ni 

Also sinhz^O Vz = -- —\k eZ 

2 

sinhz (2£ + l)7ri ( (2k + \)ni\ 1 (2£ + 1)tu 

Res ---— =sinh --— .Res ——--— 

coshz 2 2 J coshz 2 


f_. (2*-U)' 
I 2 

lim -- 

(2k+l)ni COShz 


■ 1 VkeZ. 


2 

\(2k + l) 

ni 

L ^ . 

f(2*+l) 

ni 


i i 

"• ' .. v ; - : 


' lii ' 'l.- 

{ ',r, . •' 

Ml 
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Example: Consider /(z) = (zsinz) 1 then / has a pole of order 2 at 
z 2 

z = 0 since lim . = 1*0 & a simple pole at z = kit, k&T, . But 

z->0zsinz 

/(-z) = /(z), i.e., is a even function so Res[zsinz; 0] = 0 

=> f—= 27U.Resf/(z); 0l = 0 
*,zsinz L J 

Where C: |z| = 1 is a unit closed circles. 

10.6. Residue at the Point at Infinity 

Let z = oo be an isolated singular point of /(z), then ^Residue of /(z) at 


z = oo is given by 


Res[/(z);co] = -Res *i-/f-];0 


z^U 


Example: v ' 

Find the residue at z = co for the function /(zKwhere\j((z) is given by 

\0" 


(i) /(z) = l + z \ z*0 


00 /( z ) = 


e _z +1 


(iii) /(z) = z 3 . cosf— 


\ 

■AO" 
. \ N 

\ V- 


Solution: 

(i) Let /(z) = l + z -1 

T~. r> f v 1 /O 1 f, , 1 1 

Define g(z) = —./ - =— {\+z) = — + - 
z z z z z z z 


(i i > 

Now Res[/(z); ooJ = -Res —I—y ;0 


(ii) Let /(z) = - 

Define g(z) = - 


e~ z +1 


z 2 (e~ 1/z +1 z 3 2-4 + 


1 . 1 


z 2 2!z 2 "" 


— i-f-1 


2z J L \ 2z 

-LL-L 


2z J I 2z 


Res[/(z); oo] = -Res[g(z); 0] = 0 


2ut yowr Own Motes 



in£raPsS|@g& 
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I | | 1 ' Calculus of RestdtijL 

. . ||| _ _ _ ; _ £ 


(iii) Consider /(z) = z 3 cos - & define 






1 i ,, i 

— — .cos(z) =—cosz 


2 3 
z Lz 


1 J z 2 + z 4 

7 ~2!~ + X _ "" 


J_1__ J_ 

z 5 2!z 3+ 4!z 


Res[/( z ); °o]-~Res[^(z); 0 ] = -7 


10.7. Cauchy Residue Theorem X-v v^X 

If / is analytic in a domain D except for isolated singularities-.at 

x 'x, ^ ''■-■v 

then, for any closed contour y in D K on^which--none of the \ 
points a k lie, we have \ 


J f(z)dz = 2%i^n{r,a k ) Res[/(z);a jt ]. 


. -C\V 


\ X 


10.8. Residue Formula ' 

If / is analytic in a domain D excepfvfor 'isolated singularities at 
a l ,a 2 ,...,a n , then for any simple closed cpntour?' r in D on which none of 
the points a k lie, we have ' X^.~- 

\f(z)dz = 2ni ^Res[/(z); a^] X 

r . 

Here the sum is taken over all a k r inside r. 

Note: /(z) can have only a finite number of singularities, because 
otherwise singularities of /(z) would have a limit point G possibly at the 
point at infinity & so G would not be an isolated singularity of /(z), 
contrary to our assumption. 

10.9. Extended Residue Formula 

Let / be analytic in C except for isolated singularities at a x ,a 2 ,...,a n . 
Then we have 

(i) The sum of all residues (including the residue at infinity) of / is 
zero. 

Res 4/R;° =i>s[/( z )X 

- z w J k= t 

(ii) If y is a simple closed Contour in C such that all a k 's are interior 
to y, then 

r /. / \ i -r i /n 7 


J/(z)c/z = 2nfRes — /[— ;0 . 
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Conformal Mapping 


‘y : " y 
■y''■!■■'■'.7 t ^h-.; 


CHAPTER 11 


CONFORMAL MAPPING 


ILL Definition 

If z, & z 2 are two non-zero complex numbers, then 

( z ) 

0(z 1 ,z 2 ) = argz 2 -argzj =Arg — is defined as the oriented angle from 

v z i / '.. . 

Z\ to z 2 . "V".. 

Example: V’ -, v % 

z 7 (l-/) 

(i) If Zi = 1 + i & z 2 = 1, then — = --- so that-\\ 

zt X '2.\ \\ \ 

/■ i_. \ 

0( z i>z 2 )-Argl -- 1 =-^ = arg(l)-arg(l+4 X \ 


Tutyour Own Mopes 


: -Arg(l + i) 


- -—x 

\ V. \ 




(ii) If zj = 1 + i & z 2 = -1, then — = 1—*-.- N ^ x ‘so that 

Z[ \_2 V- 

9(z, ,z 2 ) = Argf-^1 ~ = arg(-l) -arg(l + i) 
V z y 4 


i.e., the set of all analytic function on Q. 

11.2. Proposition 


Let / e H (Q), where Q is a domain containing a smooth curve 

y:y(t), te^, 1 ], 

Passing through a point z 0 efl and /'(z 0 )*0. Then the tangent to the 
curve 

r: r (0 =/( z )L yW = (/ ° y)(0 » 1 e [O’l] ’ 

at w 0 =/( z o) is 
(/°y)'('o) = /'( z o)y'('o) 

(Note that curves are regarded as mappings so that the transformed curve 
r is simply the composite map T~ f ° y). 


- r ~ > ; 
■ _•j.C;-.* ‘ 


z,v.! 
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11.3. Conformal Mapping/Conformality 

A function /(z) is said to be conformal at z 0 e D (Domain) if, whenever 

Yj & y 2 are two parameterized curves intersecting at z 0 =Yi(t 0 ) = y 2 (fo) 

with non-zero tangents, then the following holds: 

(i) The two transformed curves T, - /oy ( & r 2 = foy 2 have non-zero 
tangents at t 0 . 

(ii) The angle from r\(t 0 ) = (foy l )' (t 0 ) to r 2 (t 0 ) = (foy 2 j (/ 0 ) is the 
same as the angle from y| (r 0 ) to y 2 (r 0 ). 

If it is conformal at each point of D then we say f is conformal in D 

OR 

A function w = /(zj is said to be conformal at z 0 if curve in the z- plane 
passing through z 0 & image curve in w- plane passing /(z 0 ) preserves 
the angle in magnitude & sense of rotatidn'(orientation) of,angle. 

Isogonal: A function that preserves the magnitude-(size) of the angle but 
not sense is said to be isogonal. \ ^ \ 

Example: Find the image of the region y = X mkf she map/(z) = z 2 . 

Solution: Since f( z )~ z2 VzgC .. 

Let z = x + iy e C \ v \ .) 

\ 

=> f(z) = z 2 =x 2 -y 2 +i{lxy) 

Let /(z) = m + /v 

But f (z) = Q + i[lx 2 ^ on the curve y = x 




u = 0 & v = 2x 2 


«-=/(*) 


Image ofy = * 


Tut your Own Motes 



z-plane / (z) = n--plane 

Example: Find the image of the region y — x under the map w=/ ( z) - z . 

Solution: Let w-f (z) = u + z'v be a function 
Such that w = I = x - iy 
=> u — x & v = -y 

=> w + v = 0 Hence under w=/(z) the line y = x in z-plane is mapped 
into a line u + v = 0 in w- plane i.e. 
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z-plane 


w=f (z)-plane 


Example: Find the image of the region y = x under the map w = /(z) = — 

z 

Solution: Let /(z) = m + /v = - 'n- v. ' 


Z X +7 


Where z = x + iv e C 


=> m=- 


2,2 2,2 

.X +7 X +X ^ 


along y-x \ 


„ v x 1 , 

& v = T~T = FTT = along, 7-*S^ 

x +y x +x \ \ 

' X/w 

=> « + v = 0 i.e., under w-f{z ) the\line' 7 =x is mapped into the line 
w + v = 0 in the w- plane i.e., 



1 / + v — 0 


z-plane 


w =/ (z)-planc 


Theorem: Let / e H[D) i.e, analytic on D & z 0 e Z) such that 
/'(z 0 ) ^0. Then / is conformal at z 0 . 

Example: f[z)-e z is conformal everywhere since e z is an entire 
function & /'(z) = e z VzeC. 

11.4. Magnification Factor & Scale Factor 

Let w = f{z) is a conformal mapping at z - z 0 such that 

f( z )=u{x,y)+iv(x,y), then 

Define lim — = J at z n 
AA z ->0 AA 7 


Tut your Own Notes 



mmmsm 


- ' -Vr, .ft-;. 






mmmwmmmSmm 
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i.e., J = 


U x( X ,y) Uy(x,y) 
v x (x,y) v y (x,y) 


by using Cauchy Riemann’s equation we have 


/ = K( X ’>’) -v *( z »j0 

| V *( Z >P) 

= ul ( x,y) + v 2 x (x,y) = |/'(z)| * 0. 

H/'rf is defined as magnification factor at z = z 0 
&|/'W| is defined as the scale factor at z-z 0 . 

Note: When |/'(z)| > 1, then w = /(z) is a magnification map & when 
|/'(z)|<l then called as contraction map since \ ^ 

z->z 0 Z z 0 v v \ \ \ ^ 


=> |/( z )-/( z o)h|/'( z o)|| z - z o| \ \\ 

1 \ >v 

which clearly represents an expansions if f-'lz)|>l & contraction 

|/'MI<i- \ X -:; 

Critical Point: If / is non constant qnMy^aTzQ & /'(z 0 ) = 0, then the 
conformal character fails at z 0 , such anoint 'z^is called a critical point of 
/ 

Examples: 

(i) Consider w- /(z) = sinz since /(z) is entire, so for every Z 0 G C 
is a regular point => z-kn-.k&Z are critical points of /(z). 

(ii) Consider the mapping w = f{z)-e lz -2iz + 3 then to find out the 
critical points ofw=/(z). 

Put /'(z)=0 

i.e. 2e lz - 2i = 0 =>e 2z =i 

n 

=> z-tm + — SuchthatneZ. 

4 

Remark: Constant map has no critical points & its scale factor is 
undefined. 

Results on the Conformal Mapping 

1. Let /(z) be conformal at z 0 .Then /(z) has a local inverse at z 0 . 
i.e., 3 a unique transformation z-g{w) defined & analytic in some 
neighborhood N of vv 0 = /(z 0 ) such that g(w 0 ) = z 0 & 
/(z(w)) = w VwgN. 
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2. Suppose that f is analytic at z 0 & / f (z) has a zero of order (« -1) 
at z 0 . If two smooth curves intersect at an angle a in the z-plane, 
then their images intersect at an angle na in the w- plane. 

Example: Consider/(z) = sin z. Then / is entire and /'(z) = cosz 
so that /“'(z n J-0 forz„ =(2n + i)rc/2, neZ. Thus, / is conformal 
on Q = C\{(2n + l)jt/2:neZ} . Note that /'(z) = -sinz and 
f{z n ) 0 for each neZ. The angle between any two smooth curves 
intersecting at z n (« e Z) is increased by a factor of 2 by w=/(z). 

3. Let y be a smooth arc in a domain D throughout which w- /(z) is 

conformal & let T denote the image of y under the 'transformation. 
Then F is also smooth. . \ 

4. Suppose that /(z) is an entire function. If f {~) .is univalent in C . 

Then it is conformal in the 'epfife~*plane ’& 'will\be of the form 
a 0 + a { z, a x t- 0. y _ 



\ \ \ ^ y 

Example: Show that the map w = — transfohbiis~circles & lines into 

Z \ "V- 

circles & lines. y-— _ 

\ \ 

Solution: Let a,b,c,d be real numbers suchjhati 2 +c~>Aad .Then 
a{x 2 + y 2 ^ + bx +cy + d = 0 —(0 

Represents the equation of the circle in z- plane 


= /(z) = i/ + rv = -~ = 


x-iy x 

J~~2~ 2 =>M-_ 2 2 


x +y 


x + y 


x+y 


L, {^S)=-± 


=> Equation (1) under the mapping w-— is mapped into 

z g§ 

d{u 2 + v 2 'j + bu-cv + a =0 which is a circle or line in w- plane 11 

depending on the nature of real constants. We conclude the following. H 

jg 

11.5. Linear Fractional/Bilinear/Mobius Transformation ff 

The map 

az+b , _ /.x H 

w= -, ad-bc^O It m 

cz+d w a 

Where a,b,c & d are complex constants, is called a linear fractional 
transformation, or Mobius transformation & equation (i) can also be written 
as 

Azw+bz + cz + D-O, (AD-BC^O) —( iz ) 
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and conversely any equation of the type (ii) can be put in the form (i) & 
since equation (ii) is linear in z & w, or bilinear in z & w so call it 
bilinear transformation. 

Note: A mobius transformation is simply a composition of one, some or all 
of the following special types of transformation. 

(i) Translation: It is a map of the form zHz + a, aeC\{0} . If 
a = 0 then it is an identity. 

(ii) Magnification or Contraction: It is a map of the form 
z t-» rz, r e R — {0}. For r = 1, this is the identity map & for r = 0 it 
is a constant map. 

Case (i) Whenr > 1, then this is a “magnification” 

Case (ii) When r < 1, then this is a contraction map. , \ 

Note: If r< 0 then w = rz gives the reflection through the origin 
followed by such a “magnification” or shririking/contraction 
depending on r < -1 or -1 < r < 0. , \ 

(iii) Rotation: It is a map of the form zi-r>e ,0 z, 0^!R". This map 

produces a rotation through an angle'abouttheK origin with positive 
sense, 9 > 0 . V”' v '0\—' 

Note: The rotation coupled with magnification\.is referred to as 
Dilation: zi->az (a 3*0). \ \~~ 

•. -- V.,. 1 

(iv) Inversion: It is a map of the ''form zpr— which produces a 

„ ' 2 

geometric inversion (or reciprocal map 6c the inversion map.) 

Remark: \ 

1. If we let T(z)=T abcd (z) & if aeCV{0} , then aa,ab,ac,ad 
correspond to the same mobius transformation as 

T a bcd ( z ) — ^laa)(ba)(ca)(da) ( Z ) 

i.e., behavior of T does not change when a,b,c,d are multiplied by a 
non-zero constant. 

2. The mobius transformation jT(z) is analytic on C\{dIc}. 

3. If c = 0 then T(z)= az + ^ ad-bc*0 reduces to 

V ’ cz + d 

CL b 

T(z) = -z + - = az + fi(ad ^0, a^O) & called a linear map. 
d d 

4. Every mobius transformation r(z), 

T (z) ad -be* 0, can be decompose as 

c + d 

l C 


a (ad-be) 1 


, c * 0 


!Put y$ur Own Notes 


5. If ad-be = 0 then r(z) is a constant map 


ds&ggtm is, 
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11.6. Matrix Interpretation of a Mobius Transformation 

Let w = r(z) = aZ + b (a,b,c,deC,(ad-bc) + 0) be a mobius 

transformation. Then every T(z) can be associated with a 2x2 matrix via 
the map 

'a b\ 

zh+A = ++T(z) 

[c d W 


1. The mobius transformation T 0 given by jT 0 (z) = z is the identity 
transformation which corresponds to the 2x2 identity matrix. 

2. Composition of two mobius transformation is a mobius "transformation. 

Result: Let GL(2,C) denote the general linear, group consisting of 
2x2 invertible matrices A with complex entries " ' 

i.e. GL(2,C) = |/4= ^ :a,b,c,d eC,'|.4 ^o| 


then GL(2,C) forms a subgroup df the group of all mobius 
transformations under operation of matrix multiplication, if defined by 

T(z) = ?^-,ad-bc± 0 . 

cz+d \ " ;; 

3. The inverse of a Mobius transformation is also a mobius 
transformation. 


Proof: Let w=T{z)~ 


az + b 
cz + d’ 


z + — is a bilinear transformation 
c 


solving above equation for z then we have 
z = 7’~ 1 (w) = -^——, w*— where da-{-b)[-c) = ad-bc ^0 


Inverse of mobius map is again a mobius map. 

4. Define: r:C\j-— > —>C\j—1 such that T(z)~ az+ -~- then T is 

I C J I cl CZ 4* d 

bianalytic (i.e., T & T~ x analytic) & T x is given by 


z = T~ X {w) = 


d.w~b 

-cw+a 


5. Since T'iz)- ad bc . 

{cz + df 


T is a conformal map. 


11.7. Fixed Point 


Let D be a subset of C ffi and /:£)-> C^,. A point z 0 e D is said to be a 
fixed point of / if /(z 0 ) = z 0 . The set of all fixed points of / is denoted 
byFix(/). 


Tid your Own Motes 
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■Conformal Mapping ■ r 

M00*! TiH® 


Examples: 

(a) The function /(z) = z 2 has exactly three fixed points, namely, 0,1 
and oo whereas the function /(z) = z _1 has two fixed points namely I 
and -1. 

(b) The function f{z) — z- 1 has no fixed points in C whereas it has one 
fixed point in C m , namely the point at oo , 

(c) The reflection z h> z is not a Mobius transformation but f(z) = z has 

all the points on R as its fixed points. What are the fixed points of 
/(z) = iz? v -.,. 


Tut your (hm tNotes 


(d) the function/(z) = —r, z 0, has no fixed points in Cvjp} .'- 

1 \ v > 

V' \ :■ 

(e) Every non-constant real-valued continuous- function 
/: (-1,1)->(-1,1) has a fixecf.pointTn-.(-i,l] \ However, a similar 
result does not hold for functions \f: A''—For example 
<|> a : A -» A,|a| = 1, defined by 

\ . 

4>a \ z ) =: .. \ v-~ 

1-az \ N ■■■■>>,■ 

has no fixed points in A. \ ' : : ’V 

\ \ • v 

Proposition; Every Mobius transformation,,!’: -> €„ has at most two 

fixed points in €„ unless 7’(z) s z . Equivalently, if a Mobius '0:.ClA 

transformation leaves three points in C TO fixed, then it is none other than 
the identity function. 

Corollary; If S and T are two Mobius transformations which agree at 
three distinct points of €„, then S = T. " 

11.8. Normal Form or Canonical form of a Bilinear Transformation 

If a bilinear transformation w=r(z) has exactly two fixed points Z[ & z 2 ■ f - 

, then for some non-zero constant k it satisfies the equation , , 

r \ r \ ~~ f . 'i 

=k IZlL ...(/) A 

v w z l) \ Z z l) 

& if T(z) has only one fixed point zj then it can be written as 

—5—=£'+—!—, k'*o Ju) % SS 

W-Zj Z-Zj if ' ‘| 

Equation (i) & (ii) are known as the normal form or canonical form of a 
bilinear transformation. -. . 

11.9. Lemma jlS§ , 

Every Mobius transformation map circles & straight lines in the z-plane ‘ ( 

into circles or lines in w- plane. 
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Results: 


1. Every Mobius transformation maps circles in onto circles in C K 
(Here we regard straight line / as a limiting case of circle) in the 
extended complex plane (C ra ) as a circle on the Riemann sphere using 
stereographic projection. 

2. Under translation, magnification (scaling) & rotation, circles maps to 
circles & lines to lines. 

3. Under the function w= —, we have 

z 

(i) The image of a line through the origin is a line through the origin. 

(ii) The image of a line not through the origin is a circle through the origin. 

(iii) The image of a circle through the origin is a line not through'the origin.^ 

(iv) The image of a circle not through the origin is,a'chrcle, not through the 

origin. v 

\ \ "\ 

11.10. Classification of Bilinear Transformation on x the basis of Normal 
Form \ \\ 

t _ _ rp ( t) H. 

Let w ~ 1 \ z ) ~ “7 be a bilinear transformations ^ 

cz+d 

(i) Parabolic: The bilinear transformation with'one fixed point is called 
parabolic i.e., (a- d) + 46c = 0.\ 

(ii) Elliptic: A bilinear transformation > with two fixed points i.e., 
(a-df + 4bc*0 such that |fc| = l, k* 1 is said to be elliptic i.e., in 
the normal form k is of the form k = e ia , a *= 0. 

(iii) Hyperbolic: A bilinear transformation with two fixed points i.e., 
[a -d) 2 + Abe *0 & k> 0, keR is termed as hyperbolic. 

(iv) Loxodromic: A bilinear transformation that is neither hyperbolic, 
elliptic, nor parabolic is called loxodromic, i.e., it has two fixed points 

& satisfies the condition k = ae‘ a , a 0, a =£ 1. 

Example: Find all the bilinear transformations which have fixed points as 
-1 & 1. 


Solution: Let w- 


az+b 

cz+d 


, ad - be *0 has two fixed point. 


Consider T(l)=l => a + b = c + d 


a + b-c-d = 0 


& r(-l)—1 => -a+b = -(-c + d'j => -a + b-c + d = 0 
on solving we set a -d,b = c 

Hence, T(z) = az + ^ , a 2 -b 2 + 0 is the required bilinear transformation. 
cz + a • 


; fiay<mrO'vm 





, : J : 
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Example: Find the fixed points & what is the type of Bilinear 
transformation given that w - r(z) = — Z —. 

Solution: To find out the fixed points 

Put w = T(z )-—— - z 

=> z 2 - 2z - z = 0 => z = 0,3 are the fixed points 


Now consider 


>-0 (z/z-2)-0 z 

;-3 (z/z-2)-3 -2(z-3) 


w-0i 1 [z-0 


w-3 ) 2 lz—3 


2 


Hence bilinear transformation is laxodromic. 


\ \ \ 


11.11. Theorem 


Given three distinct points z u z 2 ,z 3 in'"'G 00 _, G’~ a unique Mobius 
transformation f(z) such that 7 , (z 1 ) = Q,-7 , .(z 2 v)=; 1 & r(z 3 ) = co. 

Corollary: If {z 1 ,z 2 ,z 3 } & {w , 1 ,w 2 ,w 3 ,}, are-two sets of triplets of distinct 
points in C ro , then 3 a unique Mobius transformation taking Zj to Wj 
(j = 1,2,3) & that is given by 

(w-w 1 )(w 2 -w 3 ) ^ (z-z l )(z 2 -z 3 ) 

(w—w 3 )(w 2 -w 1 ) (z-z 3 )(z 2 -z,) 


11.12. Cross Ratio 


For the set of three distinct points z,, z 2 , z 3 of , the expression 
(z-zi)(z 2 -z 3 ) (z — Zj)/(z — z 3 ) 


(z-z 3 )(z 2 -zj) (z 2 -zj)/(z 2 -z 3 ) is called the cross-ratio of the four 

points z,Z[,z 2 ,z 3 & is denoted by (z,Z[,z 2 ,z 3 ). 

Notes: 

(i) The cross ratio (z,z,,z 2 ,z 3 ) is precisely the mobius transformation 
which sends z 1; z 2 ,z 3 into 0,1,oo respectively & is the unique mobius 
transformation. 

(ii) For the set of three distinct points we have 
(Z)Z 1; z 2> z 3 ) = (z,,z,z 3 ,z 2 ) = (z 2 ,z 3) z,z,) = (z 3 ,z 2) zj,z). 

(iii) There are 4! = 24 cross ratios corresponding to the permutation 
performed on the four points z,z 1 ,z 2 ,z 3 . But out of these only six are 
different. 


fist your Own Motes 
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Theorem 2: All conformal mappings which map the right half-plane 
{ze<C:Rez>0} onto the unit disk A such that y(Rey>0) maps onto 0 
are given by 


/( Z H 


■e z-Y 


, 0eE. 


Where y is in right half plane. 

Example: Consider w- /(z) = (z - z)/(z + z). Then we have 

(i) / maps the unit disk A onto the right half-plane [w: Rew>0] 

(ii) / maps the upper half-plane (z: Imz > 0} onto the unit disk A 

(iii) / maps the open first quadrant {z:lmz>0, Rez> 0} onto the upper 

V Sj \ Ss ''-~ S ” s . t 

semi-disk |w:|w| < 1, Imw>0|. ■ x '^ 


Indeed, we see that 


x \ x 


W = -O -ZZ = -: 

1 - zz 1 + w 


So that 


] - w 1-w -2/ImV 
1 + w |l + w| 2 \ 


• z <!<=> w-1 < w+1 <=>Rew>G~ 


Imz>0oRe(-zz) >0 <=> w <1 


• lmz>0 and Rez>0o|vv| <l % and ImW>0. 

11,14. Automorphism of the Unit Disk 

Let 9 e E, z 0 e A be fixed and <j> be given by 

Note that <j> is one-to-one inC\{l/z 0 }. If|z| = l, then z -1 =z so that 

In addition, smce every Mobius transformation maps a circle onto a circle 
or a straight line, <j> must map the unit circle |z| = l onto itself. Also, 

(|)(z 0 ) = 0 and <|>(A) = A,because 
l<i>fz)|<lo|z-Zn | 2 <|l-zz n | 2 


( l ~\ z o\ 


i-ur >o 


o z <1 since z n <] 


So that A must be mapped onto itself by <|>(z). Now (j> has the inverse 
given by 


<j) 1 (w) = < 


w+e z 0 
1 + e~‘ e z 0 w 


PutymanOwn Motes ' 
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>r<*' - Conformal-Mapping > v 

XT TtSSTfel ; 3sU X ?: 


Which has a similar form as § and so, ([> 1 shares similar properties as that 
of <{>. Organizing these observations together, we can assert that for each 
z 0 with jz 0 | < 1 and 0 e E, <]) is a bijective self mapping of the unit disk A 
. This result raises the following 

Theorem 1: All conformal mappings which map the unit disk A onto itself 
and the point z 0 ,|z 0 |<l, onto 0 must be of the form for some 0 e R . 
Equivalently, 


Aut(A) = <e 


/6 Z ~ Z Q . 


l- z oZ 


: z 0 e A, 0 < 0 < 2n k 


Theorem 2: Every Mobius transformation of the form 'T(z) = <2Z+ - - is a 

y + d^ 

conformal self-map of the upper half-plane // + \iff a,b,c,d are real 
numbers satisfying the condition ad - be > 0 . Equivalently, ''"-. 


■M- 


az + b 
cz + d 


: a,b,c,d e R, ad -be > 0 }~ 


11.15. Symmetric Point/Inverse Point \ V""' 

\ "X. 

Definition: Let L be a line in C . Two points <s.& a * in C are said to be 

\ X , 

symmetric with respect to L if L is the perpendicular bisector of [a, a 

the line segment connecting a & a*. \ ’X s 

\ 

X, x 

Examples: 

(i) Two points z & z* are symmetric w.r.t. the real axis when z*-z . 

(ii) Two points z & z* are symmetric w.r.t. the imaginary axis iff z* = -z 


If we let [a - z 0 ) = R, then a = z 0 + Re ia for some a e E so we have 


a = z n + Re ,a & a*-z n = - 


>{a-z 0 )(a -z 0 )-r 2 or a* = z 0 +-^—_- 


= z 0 + 


r { a ~ z o) 
{' a ~ z of 


Note: z 0 & oo are symmetric w. r. t. the circle. 


Definition: Suppose that ic is a circle |z-z 0 | = r in C . Two points 
a & a * are said to be symmetric w.r.t. circle k (or inverse points w.r.t. the 
circled ) iff |a-z 0 ||a*-z 0 | = r 2 & Arg^a-z^^ Arg(a*-z 0 ) . i.e., ' X 
a &a* on the same ray emanating from the centre z 0 of k, & the 
product of their distances from the centre of the circle k is equal to the . 

square of the radius of the circle. 
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Reflection/Inversion Map: Suppose that k is a circle |z-z 0 | =r in C & 
a * is the symmetric point of a w. r. t. the circle k in C . Then define 
Jk '■ Qo 


a *=Jki a )= 00 


if a ^ z 0 , oo 


if a = Zq 
if a = co 


Then the map J k is called reflection or inversion map in the circle k . 


= J k( a ), \ 


a 


The reflection/inversion map J k 

. . 

Remark: If a is any point in |z| < 1, then its inverse point with respect to 

i 1 , L.„ 

the circle z =1 is —. \ \ 

a \ V— 

\X., . 

Symmetry Principle for Mobius Maps: Let T~be a Mobius transformation 
and K be a circle in C OT with K' = T[K ). Then 

ToJ k =J k ,oT, i.e., T[J k (fl)) = J K (r(a)) for each a e . 

In particular, T maps any pair of symmetric points with respect to K onto 
a pair of symmetric points with respect to the image circle K' under T. 

Remark: 

(i) Two points are symmetric with respect to a circle in C K if every circle 
containing the points intersect the given circle orthogonally. 

(ii) Mobius transformation are conformal and preserve circles, and so 
preserve the orthogonality; hence they preserve the symmetry 
condition. 

Theorem: Let K be a circle passing through three points in €„. Then the 
reflection J K satisfies the relation 

(Jj f (a),zi,z 2 ,z 3 )=(a,zi,z 2 ,z 3 ) 

for a^Z|,z 2 ,z 3 .Conversely, if 

(a*,z„z 2 ,z 3 ) = (a,z 1 ,z 2 ,z 3 ) 

then a and a* m <C ro are symmetric with respect to the circle K. 


fpwt yourOwnWotes 
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Maximum & Minimum Modulus Principle & t 
■' ' * ‘Schwarz Lemma ' ‘ 


CHAPTER 12 


(i) |/(z)|<|z” for all zeA 


Vu tycur Own Motes 


MAXIMUM & MINIMUM MODULUS PRINCIPLE 
& SCHWARZ LEMMA 

12.1. Mean Value Property 

A Complex valued function is said to have-Mean value property in a 

. 2n 

domain D ifVaeD, /(a) =—j /^ + re' e jr/9 where,.|z-a| = rcZ) 

(a) If / is analytic in D then it has mean value property. \/-- 

\ % '' N . _ 

(b) If / is continuous in D = DU8D and have the mean value property in 
D then l/l attain-its maximum on -8D. (boundary of/)-) 

12.2. Maximum Modulus Principle \ ^ " 

If / is analytic in a domain D then |/|' does not^attain its maximum 
value in D unless it is constant. \ 

12.3. Maximum Modulus Theorem \ \ ^ 

If / is analytic in D and continuous forN3Z) then'maximum value of |/|is 
always attains on dD but never inside unless it is constant. ( V; 

12.4. Minimum Modulus Theorem S// 

If / is analytic in D and continuous on dD and/(z) *0 VzeDUdD A -, 

then minimum of |/| is attained on the boundary of D yjfi/ 

12.5. Minimum Modulus Principle 4/;,; . 

If / is analytic on D and does not vanish in D then minimum of |/| is &'- r 
never attained inside D unless it is Constant. Sftfey- 

12.6. Schwarz’ Lemma and its Consequence Jpg^l 

In this section we start with a simple but one of the classical theorems in ■ J. .. 
complex analysis,. namely, Schwarz’ lemma which states that if / is jftj/ 'j 

analytic and satisfies |/(z )| < 1 in A and /(0) = 0, then |/(z)|<|z| for tjjtllfll 

each ze A with the sign of equality if / has the form |g||" 

f(z) = e- ia z jjgjl 

if' 

For some ael Furthermore, |/'(0)<lj with the equality if f has the IlillRi- 
form. 

Proposition: Let /: A-fA be analytic having a zero of order n at the Wttj- 

m •iyA'i-'/'r j. ; 

origin. Then - |E§g§B 


il 
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Maximum & Minimum ModulusPrinciple& 
Schwarz Lemma ; * 



(ii) |/"(0)|<«! 

and the equality holds either in (f) some point 0 ^ z 0 e A or in (ii) 
occurs if/(z) = ez”with|e| = l. 

If / is analytic and satisfies |/(z)<M|in A(a;X) and /(a) = 0, then 


(i) |/(z)|<M--- for every zeA(a;/?) 

R 




(iii)|/'(a)|<- 


With the ; sign of equality if / has the form/(r j-,——— 
constant e with lei = 1. 


( z - fl ) 


for some'x 


12.7. Schwarz Pick Lemma ;' —. 

\ x \ 

\ \ \ 

Suppose that / is analytic on the unit disk A and.satisfies the following 
two conditions \ 

.. \ v ^ 

(i) |/(z)| < 1 for all z e A \ 

v 

(ii) f(a) = b for some a, be A. \f Ss 'x s 


Then |/'(a)|: 


H/(4 


Moreover, for a pair of elements a, a! in A, the following inequality holds: 
9 (f{a),f{a'))<p{a,a') 

/ \ \ z ~ a \ 

Where p (z,a) - ^^ for z,a e A. Equality is obtain in at a point a e A, 

or equality is obtain in for a pair of points a, a'with a ^ a' in A,if/e Aut 
(A); otherwise there is strict inequality in |z| < 1 

Example: Suppose that /: A —> A is analytic such that f(a)- 0 and 
/(a-l) = £ for some ae(0,l)and be A then by 

[&|< - - -=- l - - . 

\-a(a-\) 1 + a-a 2 

In particular, this observation implies the following assertions: 




, • 


(i) There exists no function / that is analytic in A such that /|^—J = 0 
and 

4 20 
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(ii) There exists no function / that is analytic in A such that 
|/(z)|<l,/[i] = 0a n d/^] = |. 

Example: Suppose we are given that / : A -> A is analytic and f(a) = 0 
for some point a e A. Suppose that we are asked to find an estimate for 
|/(6)| for some be A. To do this, by we see first that (since /(a) = 0), 

|/( Z )N<M Z )|’ = for zgA. 

In particular, |/(z)| < |<j) a (6)| and note that the maximum is achieved when 

f i \ f A 

/(z) = <|> a (z). for instance, if / — =0 then the estimate for/ - is 

given by x ;>0 v. 


Tut your Own Notes 


±L = 1 

'0 7 


'U s 


X X — 

And the maximum is attained for <j)! (z). \ V\ 

Example: Suppose that /: A-»Ais an ahalytic\su.ch that /(0) = a for 
some aeA.We wish to verify whether fhere exists such an / with the 
property that /'(0) = c for a complect constant c . if so, under what 
condition on c, such a function exist? To'dp' this, according to we first 
observe that /'(0) < 1 -|a| which means that 'c must satisfy the inequality 

|c| < 1 - |a| 2 . for instance, consider the function <|> a (z) defined above. Then, 
<t> a (0) = a,<j) fl (0) = -|l-|a| 2 j and so, the function / defined by 
/(z) = k§ a (z) with \k\ < 1 does the job. 

Example: Suppose that /: A-»A is an analytic fiinction, |/(z)|<l on 
|z| = 1, /(a) = 0and f(-a) = b for some ae(0,l) and &e(0,l]. Then, it 

follows that |fr|< . ' This observation is useful to conclude the 

K) 

following. 

(i) There exists no analytic function /: A -> A such that 

|/(z)|<lon|z| = l, = ° and /(“)“• 

Note that the existence of such a function is guaranteed, for example, if 

we replace the condition f - — 1 = — by 

\ 2) 20 y 2) 5 

- - 70 

There exists an analytic function /: A -» A such that / - = 0 and 

( 0 3 

/ — =-. such an / is given by ([q (z) 
l 3J 5 3 
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How many elements does the set 
{zeC|z“=-l, z**-l for 0<Ar<6o) 
have? 

(a.) 24. 

(b.) 30. 

(c.) 32 . 

(d.) 45 . 

Let / be a real valued harmonic function on 
C, that is, / satisfies the equation 


dx 2 dy 2 


df Sf , df .df- 
g = --i — h =—+i — Then 
dx dy dx dy 


Define the functions 


, Vs 

xV---, 

\ \ \ 
\ ■ 


(a.) gandh are both holomorphic functions., V ' 

(b.) g is holomorphic, but h need nbt^Be : - ’- 
holomorphic. ' \v 

(c.) h is holomorphic, but g need not bev». 


holomorphic. ~ 

(d.) bothg and h are identically equal to the 
zero function. 

Let u(x,y) = x i - 3xy 2 + 2x. for which of the 
following functions v, is w+iva holomorphic 
function on C 

(a.) v(x,y) = y 3 -3x 2 y + 2y 

(b.) v(x,y) = 3x 2 y-y 3 +2y 

(c.) v(x,y) = x 3 -3xy 2 +2x 

(d.) v(jr,y) = 0 

Let p(z),q(z) be two non-zero complex 

polynomials. Then p(z)q(z) is analytic if 
and only if 

(a.) p(z) is constant 

(b.) p{z)q{z) is constant 

(c.) q(z) is a constant 

(d.) p(z)q(z ) is a constant 


If z, and z 2 are distinct complex numbers 
such that |z,| = |z 2 | = 1 and z, + z 2 = i, then the 
triangle in the complex plane with z„ z 2 and 
-1 as vertices 

(a.) Must be equilateral 

(b.) Must be right-angled 

(c.) Must be isosceles, but not necessarily 
equilateral 

(d.£Must be obtuse angled 

Let- / rc-HtC be a analytic function. For 
">■= x+ iy, let'\ v: R 2 -> K be such that 
y) = Re/(z) and v(x, y) = Im/(z) . 

r '*s 

Which of the following are correct? 

*>e*0- 

(c.) = 0 

dxdy dydx 

(d ,)iL + iL = o 

dxdy dydx 

The number Jle"' is 

(a.) A rational number 

(b.) A transcendental number 

(c.) An irrational number 

(d.) An imaginary number 

Let /: C -» C be a complex valued function 

of the form f{x,y) = u[x, y) + i v(x, y) . 

Suppose that «(x, y) = 3 x 2 y. Then 

(a.) / cannot be holomorphic on C for any 
choice of v 

(b.) / is holomorphic on C for a suitable 
choice of v 

(c.) / is holomorphic on C for all choices of 


(d.) u is not differentiable. 


Z8A/11, (First Floor) Jla Saral, Haaz Khas, Near IXT, New Delhi-110016, Ph.: (011)-Z6537527, Cell: 9999183434 & 98991*1734, 8S88844789 
E-mail: fafo(3!dlpsacademy.com; Website: www.dipsacademv.com 












An ISO 3001 : 2008 Certified Institute 


9. Let /: C -> C be a complex valued function 
given by 

f(z) = h(x, y) + iv(x, y ) . Suppose that 

v(x, y) = 3xy 2 . Then 

(a.) / cannot be holomorphic on Cfor any 
choice of u 

(b.) / is holomorphic on C for a suitable 
choice of u 

(c.) / is holomorphic on Cfor all choices of 
u 

(d.) v is not differentiable as a function of x 
and y . 

10. The real part of square of a complex number 
is equal to 

(a.) The square of its real part X "'"'x, 
(b.) The square of its imaginary part 


14. If z = x + iy = Be""' 4 then 
(a.) x = y 

(b.) x = 3 
(c.) y = 3 

(d.) x 2 +y 2 =3 

15. If / = u + iv is analytic and if 
«(x,y) = x 3 -3xy 2 then 

x (a.) v(x,y) = 0 

^)-.V(x,y) = 3x 2 y - / 

.. ' v >0(cTv(x, y)"='yl~ 3 X 2 y 
~"C d -) v(x,y) = u(x f y) 

■ x 16. \ 'The function /: C -> C defined by / (z) = |z| 


jl uvjuuiv vi. tvd uuugmuij ptui 

(c.) The sum of squares of real and imaginary 'V-.._' 

Part- \ L 

(d.) The difference of squares of realVahd 
imaginary v \ ■ 


imaginary v \ ■ 

— t \V ^. 

11. If f(z) = u{x,y)+ixy is analytic then \ ' 

(a.) «(x,y) = x 2 -y 2 V '— 

(b.) u(x,y) = ^[x 2 +y 2 ) 

(C .) u (x,y) = I(x 2 -y) 

(d.) u(x,y) = x 2 +y 2 

12. If /(z) = e~ x cos y + iv(x, y) is analytic theh 
(a.) v(x,y) = ~e~ x siny 

(b.) v(x,y) = xy 
(c.) v(x,y) = is constant 
(d.) v(x,y) = e* siny 


13. Let /(z) = i-r(z*0) and /(z) = 0(z = 0) 
\z\ 


(a.)/ is discontinuous at 0 

(b.)/ is not analytic at 0 but it is continuous 
at 0. 

(c.)/ is differentiable at 0 

(d.)/ is not diff. at 0 but it is continuous at 0. 


(a.) analytic when z * 0 
(b.) analytic every where 
(c.) analytic no where 
(d.) analytic in region {z: |z| > lj.. 


17. a * 1 is a complex numbers s.t. a 5 = I then 
which of the following is true ? 

(a.) l + a + # 2 +a 3 + —= 0 
a 

(b.) a-a 2 

(c.) a 4 is also equal to 1 
(d.) ,H = 5 

18. If f = u + iv is an analytic function it satisfies 
C.R equation 

(a.) u x =v y &u y =v x 

(b.}u x =v x &u y =v, 

(c.) u x =v x &u y =-v y 
(d.) u x = Vy &u y =-v x 

19. Which of following function is bounded as z 
varies over the complex plane 

(a.) exp(z) 

(b.) sinz 

, .sinz 
(c -> — 

(d.) None of the above. 
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20. If z,,z 2 are two complex numbers such that 
j z, + z 2 j = | z, j +1 z 2 j then it is necessary that 


(a.) z, = z, 


(b.) z, = 0 

(c.) z, = X z 2 for some real numbers X. 

(d.)z,.z 2 =0 or z, = Az 2 for some real 
numbers A,. 

21. By stereographic projection with the South 
Pole at the origin (0,0,0) the point (1,0,0) 
goes to complex numbers. 

(a.) z = z 
(b.) z = l+z 
(c.) z = l 
(d.) z = -1 

22. The values of i where i is square roots of 1 -!'" 


Assignment Sheet - I 


Let u(x,y) be the real part of an entire 
function f(z) = u(x,y) + iv(x,y) for 
z = x + iy e C . If C is +ve oriented boundary 
of a rectangular region R in i 2 , then 
t du , dii . 

9 -^ dx ~ir d y = 
l[dy dx J 

(a.) I 

(b.) 0 

(c.) 2k 
(d : ) n 

Define /: C -> C by 

\ / >,Cf 0 '^ e(z) = 0 then the 


- \\ \ 
\ M 


\ V- 

X- 27. 

v > 


23. The function /(z) =| z| 2 +iz + 1 is 
differentiable at 

(a-) i 
(b.)l 

( c -) -i 

(d.) No point in C 

24. Let w(x, _p) = 2x(l-y) for all real x and 
y . Then a function v(x, _y) , so that 
/(z) -u[x, _p) + iv(x, >’) is analytic, is 

(a.) x 2 -(y-\f 

(b.) (x-1) 2 -y 2 

(c.) (x-l) 2 +/ 

(d.) x 2 + (y-l) 2 


7 1 z I = \ 'X UK/ll LJL 1 -W 

"■-O [z otherwise 

' set of point where/is analytic is 

"(a.) {z: Re(z) ^ 0 and lm(z)*0} 

(b.) {z: Re(z) £ 0} 

(c.) {z:Re(z)*0 or lm(z)*0} 

(d.) {z:lm(z)^0} 

Which of following is not the real part of an 
analytic function? 

(a.) x 2 -/ 

«’-> rT -/r 7 e 

(c.) cosxcoshy 

{d.) x + -JL- 

X + y 

The principal value of log (z l/4 ) is 


(a.) in 

(b.)f 


Consider the functions /(z) = x 2 + zy 2 and 
g(z) = x 2 +y 2 +ixy at z = 0 

(a.)/is analytic but not g 
(b.) g is analytic but not/ 

(c.) Both/and g are analytic 
(d.) Neither/nor g is analytic 
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30. Consider a function f[z) = u+iv defined on 
|z-/| < 1 where u, v are real valued functions 
of x,y. Then /(z) is analytic for u equals to 

(a.) x 2 +y 2 
(b.) ln(x 2 +y 2 ) 

(c.) e* 

(d.) 

31. At z = 0, the function / (z) = z 2 z 

(a.) Does not satisfy Cauchy-Riemann 
equations 

(b.) Satisfy Cauchy-Riemann equations but 
not differentiable 

(c.) Is differentiable 

(d.) If analytic. - ^ 

\ 

32. The function sin z is analytic in 

(a.) CU{°°} Where C denotes complex plane.-. 
(b.) C except on negative real axes. 

(c.) C-{0} \ 

(d.) C 

33. The function /(z) = |z| 2 is 

(a.) Differentiable every where 
(b.) Differentiable only at origin 
(c.) Not differentiable any where 
(d.) Differentiable only on real axes 

34. An analytic function /(z) is such that 
Re{/'(z)} = 2y and /(l + i') = 2 , then the 
imaginary part of /(z) is 

(a.) -2 xy 


conjugate 




36. The harmonic < 
u(x,y) = x 2 -y 2 +xy is 

(a.) x 2 -y 2 -xy 
(b.) x 2 +y 2 - xy 

(c.) 2 xy + ±(y 2 -x 2 ) 

(d.) ^xy + 2(y 2 -x 2 ) 

37. V^ Let /: C -» C be given by 


k „ \ 7f \ J ~ whenz^O 

\\ Vv z ) = 

0 when z - 0 

\. \ L 

""(a.) Is not continuous at z = 0 

\ 

; ' (b.) It differentiable but not analytic at z = 0 

^ \ (c.) Is analytic at z = 0 

(d.) Satisfy the C-R equations at z = 0. 

38. The complex analytic function /(z) with the 
imaginary part e x (ycosy+xsiny) is 

(a.) ze z+c ■ 

(b.) (z + c)e z 
(c.) ze z 


(b.) * 2 -y 2 
(c.) 2 xy 
(d.) y 2 -* 2 


(d.) (z 2 + z)/~ 

For zeC, define / (z) = -. Then 

V ’ e 1 -\ 

(a.) f is entire 

(b.) The only singularities of / are poles 

(c.) f has infinitely many poles on the 
imaginary axis 

(d.) Each pole of / is simple 


(^) 2 ; 


Let /(z) = 


35. The function /(z) = • z 2 tf 2 * 0 

0 if z = 0 

(a.) Satisfy C-R equation at z = 0 
(b.) Is not continuous at z = 0 
(c.) Is differentiable at z = 0 
(d.)Is analytic at z = l 


. Then, 


(a.) / has an isolated singularity at z - 0. 
(b.) / has a removable singularity at z = 1. 
(c.) / has infinitely many poles. 

(d.) each pole of / is of order 1. 
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I 1 

41. For the function /(z) = sin —— x , the 

J{) tcos(l/z)J’ 

point z = 0 is 

(a.) a removable singularity 
(b.) a pole 

(c.) an essential singularity 
(d.) a non-isolated singularity 

42. An example of a function with a non-isolated 
essential singularity at z = 2 is 


(a.) tan -- 

\z- L 


(b.) sin 


(d.) tan 


\ 

s \ ' V 'v 

\ \ \ 


w 


. ■ s., - 

rn • '' \ n 

43. For the function /(z) = sin - ,z = 0 is a \ 

" Zj \r . 


(a.) Removable singularity 
(b.) simple pole 
(c.) branch point 
(d.) Essential singularity 


N \~" 


If /(z) = z 3 then it 

(a.) has an essential singularity at z = «> 

(b.) has a pole of order 3 at Z — 00 
(c.) has a pole of order 3 at z = 0 
(d.) is analytic at z = oo . 

Let / be an entire function on C. Let 

g(z) = /(z). Which of the following 
statements is/are correct? 

(a.) If /(z) e E for all z e R then f = g 

(bl) If /(z)eR for all 

z e {z | Imz =0} u{z | Imz = a} for some 
a>0, then f(z+ia) = f(z-ia) for all 


(c.) If /(z)eR for all 

z e [z | Imz = 0} u{z | Imz = a}, for some 
a>0,then f(z+ia) = /(z)forall zeC 

(d.)If /(z)sR for all 

z s [z | Imz = 0} u{z | Imz = a}, for some 
a > 0, then f(z+ia ) = /(z) for all z e C 
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J -h-*- 

MM 4 - 2 

(a.) 0 . 

(b.) -2 Ki. 

(c.) 2ni. 

(d.) 1. 

Let Yk ~ {^ ce ‘ te '■ 0 - & - 2^} for 
Which of the following are 
correct? 

(a.) — \-dz = Q for £ = 1,2,3 
2ni J z 

Yk 

(b.)-U-* = l 
lni i 2 

(c.)- L J-* = 4 

2m L z 

(d.) -Lfl* = 3 

Y 3 

C f = {z e C: |z| = r}, r > 0. Then 
(a.) I r =2m if re (2, 3) 

(b.)/ r =-^i f re (0, 1) 

(c.) I r =-2m if re(l, 2) 

(d.) I, =0 if r>3 

Let and 

then J f(z)dz is equal to 

c 

(a.) zero 
(b.) ni 
(c.) -Ki 
(d.) 2m 


Let y(t) = e“ , 0 < t < 2n then — — xdz 

2 Ki{( n 


is equal to 
(a.) 1/4 

(b-)2 

(c) 4 


* = 1,2,3 . 
necessarily 


z +3z + 2 


6. X >-Let"/(z) =- r — and c= z:z--=l 

v--o r X 1 

Is-then J / ( z)dz is equal to 


■v '--x 

\X X 


\ (a.) zero 


\ \.\ (b.) 2m 

\ (c.) 4 Ki 




where 


1. 1 

z —i = — 
2 4 


(d.) 6m 

f: <C -> <C is a non-constant analytic function 
which of the following possible? ■ 

(a.) Re/(z) = 1 for all z. 

(b.) /(z) takes only integer values. 

(c.) /(z) is an integer for every integer n. 

(d.) /(z)is bounded. 

The contour integral \^Ldz where C is 
c 2 

circle |zj = 1 is 

(a.) 2m 
(b.) zero 
(c.) 1 

(d.) does not exists 

J z 1 dz, where C is circle with centre 0 and 

c 

radius 2 equal. 

(a.) Ax 1 
(b.) 2m 
(c.)4 
(d.)0 
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Y(/) = 2e" where te then Jz 2 dz = ? 

(a.) -i 
(b.)0 
(c.) i 
(d.) 1/2 

If/ and g are analytic on the same region D 
and if /(z)g(z) = 0 all z in the region D 
then 

(a.) at least one of/ and g vanishes identically 
on D. 

(b.)/and g both vanishes everywhere on D. 

(c.) / vanishes only at finitely. Many points 
of D and g never vanishes 

(d.)/ and g vanish only at finitely many” 
points of D. 


,. } ... .........^„ 

Assignment Sheet -2 ’" 

,4 ' 7 - , j?iu » w- r >y i bn*. } jJ " ; H^'v ; MV^% ^ 


1 l(z-l){z-2) dZ ' 


where 


C = {zeC:|z-i =2}. 


1 r z -4 


2n Tc z 2 +4 


dz is equal to 


13. Let Q = {z e C : Im(z) > 0} and let r be af”'- 

smooth curve lying in Q with initial joint's 

-1 + 2 i and final point 1 + 2/. The value M— 

fl + 2z^ . 

- azis 

J 1 + z 


(a.) 4-—ln2 + /— 

2 4 

(b.) -4 + — ln2 + /— 
2 4 

(c.) 4 +—ln2-i — 

2 4 

(d.) 4-—In 2 + /— 

2 2 


14. Let 


f 1 (° ■ 

!l>-2) 4 


+ 4 u/z = 4;r, 


where the 


close curve C is the triangle having vertices 


(a.) 1+i 
(b.) 2+i 
(c.) 3+i 
(d.) 4+i 


/(z) = sin—+ cos— and C is the curve 
w 2 2 

|z| = 3 oriented anti-clockwise. Then the 

value of I is 

(a.) Am 

(b.)0 

(c.) -2m 

(d.) -Am 

16. "Le.f S be open unit disk and /: S -»C be a 
, ^ -.real valued analytic function with /(0) = 1, 

'''then the set {z e-S: /(z) +1} is 

y 4 ' 

v N \;\(a.) empty 

' (b.) non empty finite 

s \\ (c.) countable infinite 

2 (d.) uncountable 

17. Which one of the following does not hold for 
all continuous functions /: \-n,it\ -> C ? 

(a.) If f(-t) = f{t) for each t e [—zr,zr] then 

]f(t)dt = 2\f{t)dt 

-n 0 

(b.)If /(-/) = -/(/) for each te[-7T,7t\ then 

J f(t)dt = 0 

-it 

(c.) j f(-t)dt = -jf(t)dt 

-It -Jt 

(d.) there is an a with -n<a<n such that 

j f(t)dt = 2jif{a) 

-tr 

18. Let S be the positive oriented circle given by 
|z-2z] = 2, then the value of J - f Z - is 


, ^ K 
(a.) — 
2 


(b.) — 
2 


(4)f 
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Let /(z) be an analytic function, then the 
value of f{e H )costdt equals 

(a .)0 

(b.) 2*/(0) 

(c.) 2^/'(0) 

(d.) nf\ 0) 

Define f: C -> C by 


Define /: C -> C 

. . JO if Re(z) = 0 or lm(z) = 0 
[z otherwise 

set of point where/is analytic is 
(a.) {z:Re(z)^0 and lm(z)*0} 

(b.) {z:Re(z)^0} 

(c.) {z:Re(z)*0 or lm(z)*0} 

(d.) {z:lm(z)*0} 


then the 


24. Let i = \ co lil z l d7 , where C is contour 

c (*~0 2 

4x 2 + y 2 = 2 (counter clockwise) then 7 is 
equal to 
( a .)0 
(b.) -2m 

(c.) 2m(—^ -- 

^sinh n n) 

(d-) ~r~~r~ 

sinh n 

25. v Let/ be any circle enclosing the origin and 

' oriented counter-clockwise, then the value of 


/V\ ' the integral J— | z dz is 


\\ \ ^(a.) 2m 


\\ 
V M. 


(b) 0 

(c.) -2m 
(d.) Undefined. 


Let r be a simple closed curve in/the _. dz 

complex plane then the set of all possible ^ 26. The value of the integral J c: \ z \ = ^ ‘ s 

values of j; dz is • ' . 

l z (._ z2 ) \ v ^\ /„ equal to 

(a.) {<U*( X "~ (S ' ) * .. 

(b.)0 

(b.) {0,±m,2m) (c ) _ ni 

(c.) {0,±m,±2m} (d.) 2m 


(a.) {0,±;ri} 

(b.) {0,:bn',27ri} 

(c.) {0, ±zrz, ±2zrf} 

(d.) {0}. 

For the positively oriented unit circle, 
r 2Re(z) 

I -— dz equals - 

H-i 2 + 2 _ 

(a.) O' 

(b.) m • 

(c.) 2 ni 
(d.) 4 ni 

Let r be curve: r = 2 + 4cos0. (0<#<2;r). 

If I[ = Jr^rr and Ii= \rh\ 111611 

u 2 - 1 ) ;( z ~ 3 ) 

(a.)/, =2/ 

(b.) I\ = h 

(c.) 27, = / 2 
(d.) 7, = 0,7^0 • 


27. The value of integral [ s ^ ;rz +cos nz dz 

J (z-4)(z~2) 

where C is the circle |z| = 3 traced anti¬ 
clockwise is 
(a.) -2 in 
(b.) in 
(c.) -in 
(d.) 2 in 

28. The value of f- ^dz is 

i*m( z+ i) 

(a.) 2nie~' 

(b.) ^ 

3 

, . 2ni 
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29. Let, for each n >: I, C n be the open disc in 

R 2 , with centre at the point (n, 0) and radius 

equal to n . Then C - (J C n 
«.>! 

(a.) j(x,y)eR 2 :x>0 and |y|<xj. 

(b.) j(x,y)eR 2 :x>0 and y| <2xj. 

(c.) j(x,y)eR 2 :x>0 and |y|<3xj. 

(d.) j(x,y)eR 2 : x > 0j. 

30. Let / be an entire function. Which of the 
following statements are correct? 

(a.) / is constant if the range '’of / ‘is- 
contained in a straight line. 


Assignment Sheet -2 1 


33. Consider the function /, g: C -> C defined 
by f(z) = e z , g(z) = e‘ z . Let 
S = \z e C : Re z e \-tz, /t]} . Then 

(a.) / is an onto entire function 
(b.) g is a bounded function on C 
(c.) / is bounded on S 
(d.) g is bounded on S . 

34. Let / be an entire function. If Im / > 0, then 
, '~'-' . (a:) Re / is constant 


inconstant 


,V> v ^(c.) /=o '\ 

X (d.) /(z) = z,zeD 


• 'X v 35.„ Let / be an entire function. If Re / is 
\ \\ bounded then 


V x 


(b.) / is constant if / has uncountable many... x -> 

\ 

zeros. \ V 

(c.) / is constant if / is bounded Nqn \ 


(a.) im f is constant 
(b.) / is constant 


(z e C: Re(z) < 0}. Ns v v \ 

\ ‘n 

(d.) / is constant if the real part of /' is-”" 
bounded. 

31. Let /(z) = XT-o a " z ” ' 3e an erit i re function and 
let r be a positive real number, then 

(*) JZo I a » | 2 r2 " - SU P|z|=r I f(z) f 

(b-) sup w=r | f(z) | J < XL I a„ | 2 r 2n 

(c-) Z” 0 \« n \* r u <~\.f{re i0 )\de 

(d.) sup^|/(z)^ r \f{re w )f d6 

32. Let / be a non constant entire function. 
Which of the following properties is possible 
for / foreach zeC? 

(a.) Re/(z)= Im/(z). 

(b.) |/(z)|<l. 

(c.) Im/(z)<0. 

(d.) / (z) * o. 


(c.)/-o 

(d.) f is a non zero constant 

36. / is an entire function. If / satisfies the 
following two equations /(z+l) = /(z) and 
f(z+i) = f(z) for every z in C then 

(a.) f'(z) = f(z) 

(b.) /(z) e IR V z 

(c.) / = constant 

(d.)/ is a non constant polynomial. 

37. Let p be a polynomial in one complex 
variable. Suppose all zeroes of p are in the 
upper half plane W = jz e C|lm(z) > 0|. Then 

(a.) Im44>0 f° r zeM. 

P( z ) 

(b.) Re i P \ Z \ <0 for z e R. 

PV) 

(c.) Im^y-^>0 for zsC, with lmz<0. 

P( z ) 

(d.) Im^4r > 0 for z e C, with Imz > 0. 

P( z ) 


28A/11, (First Floor) Jia Sarai, Hauz Klias, Near I.LT., New Delhi-110016, Ph.: (011>-26537S27, CeU: 9999183434 & 9899161734,8588844789 
E-mail: info(a}diDsacademy.com; Website: www.diosacademy.com 










Let a, b, c be non-collinear points in the 

complex plane and let A denote the closed 
triangular region of the plane with vertices 
a,b,c. For zeA,let h(z) =\z-a\-\z-b\-\z-c\ 

. The maximum value of the function h : 

(a.) is not attained at any point of A. 

(b.) is attained at an interior point of A. 

(c.) is attained at the centre of gravity of A . 
(d.) is attained at a boundary point of A. 

,2 

The maximum modulus of e~ on the set 
S = {z 6 C :0 < Re(z) < 1,0 < Im(z) < l}zs 


(a.) 2/e 


(c.) e+1 


\ ' xV 

, \ A 


Let T be the closed unit disk and dT be the 
unit circle. Then which one of following 
holds for every analytic function f:T-^C. 

(a.) |/| attains its minimum and maximum on 

dT. 

(b.) |/| attains its minimum on dT but need 
not attain its maximum on dT. 

(c.) |/| attains maximum on dT but need not 
attain its minimum on dT. 

. (d.) |/)need not attain its maximum on dT 

•; and also it need not attain its minimum 

'-'~~on"dT. 

\ \ 

""Let /(z) = 2z 2 -T, then the maximum value of 
|/(z)| on the unit disc £> = {zeC:|z|<l} 
equals. 

(a.) 1 
(b-)2 
(c-) 3 
(d.)4 
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If/ and g are analytic on the same region/) 6. Let p(x) be a polynomial of the real 

and if f(z)g(z) = 0 all z in the region D variable * 0 f degree k>\ . Consider the 

then . ./ \ v-i°° / \ n 


(a.) at least one of/ and g vanishes identically 
on D. 

(b.)/and g both vanishes everywhere on D. 

(c.)/vanishes only at finitely many points of 
D and g never vanishes 
(d.)/ and g vanish only at finitely many 
points of D. 


variable x of degree k > 1 . Consider the 
power series where 

z is a complex variable. Then the radius of 
convergence of /(z) is 
(a ) 0 
(b) 1 

(c.) k 

■(d ) .GO 


The value of —— [. ——rr is equal to 7^. 'for- z eO, define f(z)-— —.Then 
4 — 71 M~4 zcos(z) H V ’ e 1 -1 

_ ' - -^a.) f is entire 

Let S be the disk |z| < 2 in complex plane apd \f ' .(b.) The only singularities of / are poles 

let /:£->■C be an analytic function such (c.) / has infinitely many poles on the 

that / \ + ^i\ = ~A for each natural number ^ \ imaginary axis 

l 11 j 7,2 . (d.) Each pole of / is simple 

n, then /(V 2 ) is equal to '"8. Let f be an entire function. Suppose, for 

. . r- \ \ each a p TH there exists at least one 


4-7l%|- 4 zcos(z) 


is equal to 


let /: S -> C be an analytic function such , 
that f 1 I = — for each natural number \ 

l " J *’ y\X~ 

n, then /(V 2 ) is equal to _/\ ' 8. 


(a.) 3-2V2 ^ 

(b.) 3+2V2 ' 

(c.) 2-3-Ji \’ v *— 

(d.) 2+3-Jl 

Let / be an analytic function defined on the 
open unit disc in C. Then / is constant if 


(a.) /1 — j = 0 for all n> 1. 
(b.) /(z) = 0 for all |z| = -^. 


(c.) = 0 for all n > 1. 

(d.) /(z) = 0 for all ze(-l,l). 

Let be a convergent power series 

such that Uni m = R>0. Let p be a 

n—>oo r 

a n 

polynomial of degree d. then the radius of 
convergence of the power series 

ZL A«K Z " equals 
(a.) R 
(b )D 
(c.) RJ 
(d .) R + d 


each ael , there exists at least one 
coefficient c n in /(^Xlo c »( z_fl )” > 
which is zero. Then 

(a.) (0) = 0 for infinitely many n> 0 

(b.) (0) = 0 for every n > 0 

(c.) f( 2n+l ' > (O) = 0 for every n > 0 

(d.) There exists k> 0 (0) = 0 for all 

n> k 

Let / be a holomorphic function on the unit 

disc {|z| < 1} in the complex plane. Which of 
the following is/are necessarily true? 

(a.) If for each positive integer n we have 

/p-j = -r then /( z ) = z 2 on the unit 

disc. 

(b.)If for each positive integer n we have 
= then /(z) = z J on the 

unit disc. 

( 1X (_i) n 

(c.) / cannot satisfy / — =- for each 

\n) n 

positive integer n. 

(d.) / cannot satisfy /[ — | ^— for each 

\nj n +1 

positive integer n. 
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10. Let f(z) = - ^—7 r—.Then, 

(2m) , 
exp — -1 
V z / 


(a.) / has an isolated singularity at z = 0. 
(b.) / has a removable singularity at z = 1. 
(c.) / has infinitely many poles. 

(d.) each pole of / is of order 1. 


11. Consider 


function 


/(z) = z 2 (1-cosz),zeC . Which of the 
following are correct? 

(a.) The function / has zeros of order 2 at 0 

(b.) The function / has zeros of order 1 at' 

\ 

2Trn, n = ±l, ±2,... 




k - V J 

(c.) The function / has zeros of order 4 at °\ V. 

i 

(d.)The / has zeros of order 2\at \ 

2^-k, « = ±1, ±2,... Osyi 


12. Consider the power series ^z" ! . The radius 

ii=l 

of convergence of this series is 


(d.) A real number greater than 1 

13. Which of the following functions / are entire 
functions and have simple zeros at z = ik for 
all k e Z. 

(a.) f (z) = a n z" +a n _ l z n -' +....+a,, for some 
n> 1 and some a 0 ,a x ,...,a n eC 

(b.) f(z) = asm2mz, for some aeC 
(c.) /(z) = b cos 2n^iz-~ j, for some be C 
(d.) /(z)=e C2 , for some ceC. 


cc ^ 

The power series ^3'" (z -l)"" converges if 

n=0 

(a.) |z| < 3 
(b.) |z|<>/3 
(c.) |z-ll<j3 
(d.) |z-l|<V3 

( z '| 

At z = 0 ,the function /(z) - exp - has 

^1-cosz,/ 

(a,) a removable singularity 
\(b.) a pble... 

v ^ 

(c:) an essentialsingularity 

■».,(d.)The Laurent expansion of /(z) around 
z=0 has infinitely many positive and 
negative powers of z. 

Consider the power series £a„z" where a n = 

n> 1 

number of divisors of « 50 . Then the radius of 
convergence of ’Yja n z n is 

n*l 

(a.) 1 
(b.) 50 


(c.) — 

v 1 50 


Let D = |zeC:|z|<l] and let /„:£>-> C be 
z n 

defined by /„(z) =— for » = 1 , 2 ,... 


(a.) The sequence {/„(z)} and {/„'(z)} 
converge uniformly on D 

00 

(b.) The series ^/„ (z) converges uniformly 


(c.) The series ^/„'(z) converges for each 


(d.) The sequence {/„'(z)| does not converge 
unless z = 0 
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Let /, g be holomorphic functions defined 
as A\JD, where 


Let D = {z e C: |z| < l} be the unit disc. Let 
/:D->€ be an analytic function satisfying 


A = jz e C: — < |z| < l| and 
£> = {'zeC:|z-2|<l} 

Which of the following statements are 
correct? 

(a.) If /(z)g(r) = 0 for all zeA\jD, then 
either /(z) = 0 for all zeA or g(z) = 0 
for all z e A 

(b.)If /(z)g(z) = Ofor all zeD, then either 
/(z) = 0 for all zeD or g(z) = 0 for all 


n 3n + \ 


(a.) /(0) = - 


for n > 1. Then 


v ^ 

(c.) If /(z)g(z) = 0 for all zeA, thcn~either_ . V\ \ 

/(z) = 0 for all zeA or g(z) = 0 for aU\~''vX>~ 

\ 

zeA - t \ 23^ 

(d.) If /(z)g(z) = 0 for all z e A\JD, then 

either /(z) = 0 for all z e A U£>>"'or NN-™-.... 

\ \ 

g(z) - 0 for all z e A\J D. L, . 

\ 'x N 

Let /:€->€ be an entire function and let' v ~ 
g: C -> C be defined by’"' 24. 

g(z) = /(z)-/(z+l) for zeC ■ Which of the 
following statements are true? 


(b.) / has a simple pole at z = -3 
(c.) /(3)=~ 

(d.) No such / exists. 

. \ e z + 1 

22 . ’At-.z = 0 the function /(z) =- has 

^ 1 J e z -1 

(a.) A removable singularity 

(b.) A pole 

(c.) An essential singularity 
' (d.) The residue of /(z) atz = 0 is 2. 


(a.) If /|^—J -0 for all positive integers n, 

then / is a constant function 

(b.)If /(«) = 0 for all positive integers n, 
then / is a constant function 


COS z 

The poles of function —— are 
r z +1 

(a.) Integral multiple of 2 n 

(b.) only 

(c.) i and -i 

(d-)-l 

oo 

Let r be radius of convergence of ^Ta,z" let 

n=0 

b =a for all n then the radius of 
convergence of ^ b n z" is 

(a.) r + 2 
(b.)r 
(C.) r 2 
(d.) r-2 


(c.)If J = /^— + lj for all positive 

integers n, then g is a constant function 

(d.) If /(«) = /(n + l) for all positive 

integers n,then gis a constant function. 

co 

The power series ^2""z 2 " converges if 
0 

(a.) |z|<2 
(b.) |z| < 2 
(c.) |z|>a/2 
(d:) |z|<V2 


In the Laurrent series of 


coefficient of - is 


at z = 0 the 


(a.) zero 

(b.)rc 

(c.)-l 

(d.)l 


The function has 
z 


(a.) pole of order 2 at origin with residue 1. 

(b.) pole of order 1 at origin with residue 1. 

(c.) pole of order 1 at origin with residue 2. 
(d.)an essential singularity at origin with ] 
residue 1. j 
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> smz , 

/(z) = — has 

(a.) no singularities 
(b.) an essential singularity at z = 0 
(c.) a removable singularity at z=0 
(d.) a pole of order 1 at z = 0 

The coeff. of - in the Laurrent series of 


( a .)0 

(b) 2 
(c.)-l 
(d-) 1 


An example of a power series whose radiits---... \ \ \ 
of convergence is 0, is i X''\X 
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32. The function /(z) = e z -2i 

(a.) has no zeros 

(b.) has only one zero 

(c.) has a countable numbers of zero 

(d.) has an uncountable numbers of zeros 

33. The function /(z) = tanz 

(a.) has poles at z = (2« + l)y nez 

, (b.) is an entire function 

\0 

has. no zeros in C 

\-V N '\ 

./d.) has removable singularity at z = 0 

\ '"'"-V 

V ■ x. 

34. Consider the power series a n z n , where 


(a.) I>" 

n=0 

(b-)f>" 


TO 1 

(c.) Zjr 

n =0 ^ 


(d.) $>V • 


\ N\ 


1 ■, • 

— if n is even 


if n is odd. 


The radius of 


\.N>, 


convergence of the series is equal to 


\ X? 35. Let Y°° a„z n be the Laurent series 

\ \ Z_in=-oo n 


expansion of / (z) = 


in the 


2z -13z+15 


v 7 7 * • 3 a . 

n=0 annulus — < |z| < 5. Then — is equal to 

2 #2 
to 

Consider the series / ( z ) = X) — in the _ 

region {zeC:l<|z|<2} which of the 36 ‘ The radius of convergence of the power 

following is true? series ^ 4 (_1) ”" z 2 " is_ 

(a.) There is a z in this region for which the , 0 

series does convergence. 37 . The coefficient of (z-*) 2 in the Taylor 

(b.)/is hot analytic fsinz ._ 

(c.)/takes all values in the complex plane. senes expansion of /(z) = j z-/r 

-1 if z = K 

(d.)/is bounded. , 

around n is 

Let /and g be analytic functions on the unit 

disk such that /(-| = g — for all non-zero ? 

\n) \nj 

integers. 1 

(b-) -~ 

(a.)/and g are equal 

(b.)/and g are constant (c)- 

(c.)/(z)-g(z) = sin(w/2) 


series ^4 ( 11 "z 2 " is 


37. The coefficient of ( z-n ) 2 in the Taylor 

sinz 

C \ - lfz±X 

senes expansion of f\z) =\z-n 

-1 ifz = ;r 

around n is 


< a ) 2 


(b-)-j 


(d.) /(z) *g(z) ifz is purely imaginary. 


(d.) - 
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38. Let »„z" be the Laurent series expansion 


of the function —-, z <rt . Then 

zsinhz 

which one of the following is correct? 

(a .)* ! =l,6 1 =--,6 2 = — 

(b = 

(c.)b_ 2 =0,b„ = --,b 1 =~ 

1 7 

(d.) = 1,6, = — ,b,= - 

v ' 0 2 6 4 360 
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Let T (z) — cos i — —-—— for non-zero zee and 
/(0) = 0 . Also let g(z) = sinhz for zee , 

g( z ) 

then —LA has a pole at z = 0 of order 
z/(z) 

(a.)l 

(b) 2 
(c.)3 

(d.) greater than 3 


43. Let 5 = {0}U^-:« = 1,2,. then 

v x. \ ’ M J 

-: .number of analytic functions which vanish 


39. For the function /fz) = sin -—X , ~the^ 

' [cos(l/z)J - 

point z = 0 is \ 

(a.) a removable singularity ' 

(b.) a pole 

\ v*~ 

(c.) an essential singularity \ ' 

' . 

(d.) a non-isolated singularity \ \ N 

\ A'- 

40. Let ^a n (z + l)” ^e Laurent senbs~- 


X X 

\ \ only on S . 
\ . 

V,X ' '- ^ (a.) Infinite 

'X\X,Xb-)0 




. Then a , = 


expansion of /(z) = sin 

(a.) 1 
(b.)0 

(c.) cos (1) 

(d.) ysin(l) 


Consider the function f(x) = — r -~-—- the 

H-- • i) 

residue of /(z) at the isolated singular point 
in the upper half plane {z = x + iy e€:y>0) 


« ~Ye 


(b.)-- 

e 


(c.) £ 
v ’ 2 


"44. It is given that ^a n z” converges at 

n= 0 

z = 3+i4, then the radius of convergence of 

00 

the power series ^ a n z n is 

n=0 

(a.) <5 
(b.) > 5 
(c.) < 5 
(d.) >5. 

45. Let f(z) = — — - then the coefficient of 

v ’ z 2 -3z + 2 

in the Laurrent series expansion of /(z) 

Z 

for |z| > 2 is 

( a .)0 
(b.) 1 
(c.)3 
(d.) 5 


46. The coefficient of - in expansion of 

z 


Log \^—-I valid in |z| > 1 is 

(a.) -1 
(b.) 1 
(c.) -1/2 
(d.) 1/2 
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oc V- 

47. If sinz = ^a n z— , then a 6 equal 

„=n V 4 J 


720^2 


(d-)- 


720V2 


In the Laurrent series expansion of 
/(z) = —j- ^ valid in region |z|>2 

then the coeff. of — is . V"--.. 

z 

(a-)-l V. 

(b.)0 

(c -)i 

(d-)2 

Let /(z) be an analytic function with a 

simple pole at z = 1 and a double pole at> — 
z = 2 with residues 1 and -2 respectively., 53. 

Further if /(0) = 0 , /(3) = -^- and / is ' 

bounded as z -> 00 , then /(z) must be 

1 ^ 4 (z-1) (z-1) (z-2) 2 


/UN 1 1 

(b.) — 


2 t _1_ 


4 (z-1) (z-2) (z-2) 2 

, 1 2 5 

^ (z-1)“(z-2) + (z _2) 2 

(d.) —+—- —+— 1 — 

4 z - 2 (*-2) a 

An example of a function with a non-isolated 
essential singularity at z = 2 is 


(a.) tan 


(b.) sin 


(d.) tan 


, Assignment Sheet -3 


Let f(z) = u(x,y) + ;V(x, j’) be an entire 
function having taylor series expansion as 

jTa„z\ if f(x) = u(x,0) and f(iy) = iv(0,y) 

n -0 

then 

(a.) a u =0 Vn 

(b.) a 0 = a, = a 2 = a } = 0. a 4 * 0 
(c.) a 2n( ., = 0 for all n 
(d.) a 0 * 0 but a, = 0 

The radius of convergence of the power 

series of the function f(z) = ~— about 

W 1-z 

z = - is 
4 

(a.)l 
(b.) 1/4 
(c.) 3/4 

(d) 0 

For the function /(z) = sin^i |,z = 0 is a 

(a.) Removable singularity 
(b.) simple pole 
(c.) branch point 
(d.) Essential singularity 

oo z >i 

The series — -- ,|z < l| is 

(a.) uniformly but not absolutely convergent 

(b.) uniformly and absolutely convergent 

(c.) absolutely convergent but not uniformly 
convergent 

(d.) convergent but not uniformly convergent 


For the function /(z) =— 
z = 0 is 

(a.) An essential singularity 
(b.) A pole of order zero 
(c.) A pole of order one 
(d.) A removable singularity. 


the point 
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Expansion of function /(z) = — ^ ^ in 

power of (z-3) and the radius of 
convergence of the series so obtained are 


(a-) “ 1 -|( z -3)+J( z - 3 ) 2 -. I Z - 3 I <3 


(b.) l-^(z-3) + ^(z-3) 2 -. 


60. The function 


-y-‘, • M 


has a pole of order p 


(°-) \ i+ |( z - 3 )+^( z - 3) 2 +.i 2-3 ^! 


(d-)r 1 - t( z_ 3)-—(z-3) -. |z-3|<- 


For the function /(z) = : 


the point \ 


z = 0 is 


(a.) A pole of order 3 

(b.) A pole of order 2 ; \ 

. X,. X'-~_ 

(c.) An essential singularity \ \\ 

\ V-- 

(d.) A removable singularity 
The singularity of e smz at z = oo is 
(a.) a pole 

(b.) a removable singularity 
(c.) non isolated singularity 
(d.) isolated essential singularity 

Let p(z) = a 0 + a,z + ...+a n z" and 

q{z) = b { z + b 2 z 2 +....+ b n z" be complex 

polynomials. If a h , b x are non-zero complex 

numbers then the residue of at 0 is 

q(z) 

equal to 


O 5 -) — 

a n 


z(z-l) 

and residues r where 
(a.) P = l r = 1 


(b.)P = 3 r = - 
(c.) P = 3 r = 1 

(d.) p = 1 r = 0 


61. v Residuce of —at its singularity is 

'ty \ z 

x .^O;(a:>0' 
ty-C'ib-) 1 "''■•A 

V-,.^jc.)-l/6 

\0. (d ° 2 

62i The residuce of e" z at z = 0 is 
X" (a.) 2 

(b.)« 

(c.) 1 
(d-)-2 

63. Let /: C ->• C be analytic for a simple pole at 
z = 0 and let g: C -> C be analytic. Then, the 


value of — 


Res {/(z)g(z)} 


Res/(z) 

2=0 


(a.) g(0) 

(b.) g'( 0) 

(c.) limz/(z) 

z-*0 

(d.) limz/(z)g(z) 


Let /(z) = — —j,z = x+ty then Res/(z) is 


(a.) -- 
8 


(c.)f- 

b i 


(d.)- 

a. 


<C.) -i 
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Institute 


65. The sum of the residues at all the poles of 

/ \ COt 7Z "L . • 

/(z) = -- 77 , where a is constant. 


66 . 


f ——— is equals 


(z + a) 
(a* 0 ,±l,± 2 ,.) is 


/ \ i i 2 

(a.) — 2 , -- --ftcosec na 


ft «=-oo (n + a)“ 


If 1 2 

(b.)- 2 ,- Y + ncosec na 

• n=_co j 

f \ 1 1 2 

(c.) — 2,- 2 — ^ cos &c na 

ft n=-oo + (X j 


(d.) - S 


1 


_ f / \2 

7T n= _oo + CL J 


-+ft cosec ft a 


v 13 — 5 sin 

(',) -f 


(b.)- 


/T 

12 


(c.) 

(d.) 


ft 

u. 

ft 

~6 


67., The residue of -X: at z = 0 is 
\ z 

X *v. '• 

W %)-i 

W 7! 


v, X 

• N 

\ \ 
\ 

XX s 


X>> -7i 


(d.) None of these 


\ X\, 

\ . ' '• 
Vl “V'-.—- 




\ 


v- 


Vx 
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Let p(z, w) = a 0 (z) + a, (z)w + .... + a k (z)w*, 
where k>\ and a 0 ,....,a k are non-constant 
polynomials in the complex variable z . Then 

h ) <= C x C : p(z, w) = o} is 

(a.) Bounded with empty interior 

(b.) Unbounded with empty interior 

(c.) Bounded with nonempty interior 

(d.) Unbounded with nonempty interior 

/(z) is single valued complex function then 

(a.) It is rational implies it is meromorphic 

(b.) It is rational if it is meromorphic 

(c.) It is meromorphic if and only if it is 
rational \ 

(d.) Letz is rational function as it has simple \ 
poles as its singularities , ' N 

If <f>iz) = Re(z) + /(z) where /(z) 'is " 
meromorphic. Then i—- \n 

(a.) <f>(z) is meromorphic , X 

\ \ 

(b.) <j>iz) and /(z) has same number of., 
singularities - 

(c.) <f)iz) is analytic in every closed and 
bounded region provided it has no poles 

(d.) q Kz) has no singularities 

Select the incorrect statement 

(a.) There doesn’t exists an analytic function 
/ in neighbourhood of 0 whose square is 

Z . 

(b.) There doesn’t exists non constant entire 
function /(z)s.t. e f{x) is bounded 

(c.) Every rational function is meromorphic 
(d.) None of these 

If M - set of all meromorphic function 

R = set of rational function 

I = set of functions having essential 
singularity at infinity then 

(a.) M n I is empty 

(b.) R n I is empty 

(c.) M n R is empty 

(d.) Intersection of any pair of Mn R or / is 
non empty 




If real part of a function is constant in a 
domain £>,then / is 

(a.) Meromorphic 

(b.) Number of poles of function are finite 
(c.) No relation of with poles 
(d.) Can’t say any thing 
If / is an meromorphic function on C then 
(a.) Poles of / are isolated but not zeroes 
(b.) Zeroes of / are isolated but poles of / 
need not be isolated 
(c.) Zeroes and poles of / are isolated 
\i[d,) Neither poles nor zeroes of / are isolated 
"Let /, g be meromorphic functions on C. If 
'/has a zero of order A: at z = a and g has 
a pole of order m at z = a then g(/(z)) has 

(a.) zero of order fan at z - a 
(b.) pole of order km&t z = a 
(c.) zero of order |Ar—m| at z = a 

(d.) pole of order \k - m\ at z - a 
Let / be a meromorphic function onC such 
that |/(z)|>|z| at each z where / is 
holomorphic. Then which of the following 
is/are true? 

(a.) The hypotheses are contradictory, so no 
such / exists. 

(b.) Such an / exists. 

(c.) There is a unique / satisfying the given 
conditions. 

(d.)There is an As C with \a\>1 such that 
/ (z) = Az for each z e C. 

Let / be an analytic function defined on 
© = {z e C: |z| < l} such that the range of / is 
confined in the set C\(-a>, 0]. Then 
(a.) / is necessarily a constant function. 

(b.) There exists an analytic function gon © 
such that g(z ) is a square root of f(z) 
for each z e ©. 

(c.) There exists an analytic function g on © 
such that Reg(z)>0 and g(z) is a 
square root of /(z) for each z e © 

(d.) There exists an analytic function g on © 
such that Reg(z)<0 and g(z) is a 
square root of fix) for each z e © . 
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Let / be an entire function such that 
lim |/( z )| = c°. Then 


(a.) /^—J has an essential singularity at 0 

(b.) / cannot be a polynomial 
(c.) / has finitely many zeros 


(d.) /^-J has a pole at 0 

If /is entire |/(z)| < A\z\" for some positive 
integers n and then 
(a.) /(z) = z n 

(b.) /(*) = «" 

(c.) /(z) is polynomial of deg less or equal 


v~. 


ton. V-\ \\\ 

(d.) f(z) = ne , 

\ W 

Let / be a entire function on C such that \ ' \ 

|/(z)| < lOOlogUI for each z with |z| > '' 

If /(;) = 2i, then /(l) VT 

(a.) Must be 2 \^, 

(b.) Must be 2 i \ ''N./_ 18. 

(c.) Must be i _ 

(d.) Cannot be determined from the given 
data 

Let /(z) be an entire function such that 
|/(z)j </f|z|, VzeC, for some K>0 . If 
/(l) = i, the value of /(i) is 

(a.) 1 
(b.)-l 
(c.) / 

19 

(d .)-/ 

Let /: C C be an arbitrary analytic 
function satisfying /(0)=0 and /(l) = 2 
then 

(a.) there exists a unique {z n } st|z n |>n and 

\f( Z n)\> n 

(b.) there exists a sequence {z„} st|z n | > n and 

|/W|<» 2«- 

(c.) there exists a bounded sequence {z„} 
such that |/(z„)| > n . 

(d.) there exists a sequence {z„} s.t. z„->0 
and /(z„)~>2. 


iihe : ef 


Let /(z) be an entire function st for some 
constant a. |/(z)|<a|z| 3 for |z| > 1 and 
/(z) = f(iz) for all zee then 
(a.) /(z) = ffz 3 for all zee 
(b.) /(z) is constant. 

(c.) /(z) is quadratic polynomials 
(d.) No such /(z) exists. 

Let B be an open subset of C and dB denote 
the boundary of B . Which of the following 
statements are correct? 

(a:) For every entire function /, we have 

\'~fr(/(B)),S/(55) 

(b.) For every entire function / and a 
bounded open set B, we have 
d(f(B))<zf(dB) 

(c.) For every entire function /, we have 
d{f(B)) = f(dB) 

(d.) There exist an unbounded open subset B 
of C and an entire function / such that 

s(/(B))c/(as) 

Let /:C->C be a meromorphic function 

/1 \ n 

analytic at 0 satisfying / - =- for 

\n) 2n +1 


(a.) /(0) = i 

(b.) / has a simple pole at z = -2 

(c.) /(2) = ^ 

4 

(d.) No such meromorphic function exists 
Let / be a polynomial function on the entire 
complex plane s.t. /(z)*0 for zs.t|z| = l 

then r m dz 

f( z ) 

(a.) can take only integer values 
(b.) can take only value 
(c.) is zero 

(d.) is equal to degree of f 

If /: C C is analytical and real valued 

then 

(a.)/is non-constant 

(b.)/maps open sets to open 

(c.)/is constant 

(d.) /(z) = z" for some n>0 
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Suppose /(z) = (z-l)(z-2)(z-3) J and 
Y(/) = 4e" , 0 < / < 4 then the argument 
f*(z\ 

principle implies that J ~ dz is 

(a.) 2ni 
(b.) -Ini 

(c) 0 

(d) 1 

The number of roots of the equation 
z 5 -12z 2 + 14 = 0 that lie in the region 


zeC:2< z <-i is 

1 1 if 


The nos of zeros, counting multiplicities of \ 
the polynomial z 5 + 3z 3 + z 2 +1 inside the ' 
circle Izl = 2 is \ 




Let /(z) = l + 2z + 3z 2 +...nz" and let y be a 
closed curve which contains all the zeros of 


/(z) then 


equal to 


(a.) 0 
(b.) n 


2n~n +1 


2n~n 2 -1 


r f(z) , 

The value of }~ ~ az where 
c/0) 

, , (z 2 + l) 2 

/(z) = —---—- and C is the circle 

(z 2 +3z + 2) 

|z| = 3 with positive sense 

(a.) 2ni 

(b.) -Ini 

(c.) 4 ni 

(d.) -4ni 



r».->»ignim‘iii anew-4 


If /(z) = z 2 +2 then the minimum value of 

|/(z)| over the closed region Izl < I is . 

Fill the space from the following choices 

(a.) 0 

(b.) 1 

(c.) 3 

(d.) 2 

Consider the polynomial 

p(z) = z 5 +z 3 +5z 2 +2 then the number of 
zeros in 1 < |z| < 2 ? 

(a.) 2 
(b.) 3 

(c-): 5 

(d.) none 

The number of zeros of 
pXz) = 4z 2 - 3 iz 2 + iz -9 = 0 in the a disc |z| < 1 
is 

(a.) 0 
(b.) 1 
(c.) 2 
(d.) 4 

If g(z) = z s and /(z) = z 3 -z +1 then the 

value of —— \g{z) - - ^ z \ dz where C contains 
2 m 3 c f(z) 

all the zeros of /(z) is 

(a.) -1 

(b) 0 

(c.)-3 

(d-)-9 

If /(z) is analytic on D where 
D = {(jc, y) : \x\ < a, |y| < b, a > b) if /(z) 
satisfies the inequality \f{z)\<M on the 
boundary of D then which can taken as an 
upper bound of |/'(0)| 

, , 2 M(a + b) 

/« >. 27Ccib 


2k (ab) 

x, >. 2 M{a + b) 

■ ^ 

If C be the unit circle z = e‘ 6 , (0 < 6 < 2n) the 

value of —^-Alogf -4-1 is 
2 ni Iz 2 ) 

(a.) 0 
(b.) 1 
(c.) -1 
(d-)-2 
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Let £> = {z eC:|z|< lj . Then there exists a 
holomorphic function f:D-+D with 
/(Oj = Owith the property 


(a.) y(o)=- 


n i 


(b.) / 


(c - }/ t4 


(d.) |/'(0)| = sec 


The minimum possible value of 
\z\ 2 + |z-3| 2 + |z-6/| 2 , where z is a complex 
number and i = 4~ 1, is 

(a.) 15 
(b)45 
(c-)30 
(d.) 20 

Let /:D-o-© be a holomorphic function 
with/(O) = 0, where 1 is the open unit disc 
{z o C : |zf< l} .. Then 


. |/'(0)| = l 


Let /(z) =- . Which of the following • 

1-z 

is/aretme? \~ 

\ 

(a.) / maps{|z| < l} onto {Re(z)>0}. 

\ 

(b.) / maps {|z|<l, Im(z)> 0} ,' pntb\' 
{Re(z)>0, lm(z)>0}. \ *N' 

(c.) / maps . {|z|< 1, Im(z) < 0} onto 
{Re(z)<0, lm(z)<0}. 

(d.) /maps{|z|>l} onto {lm(z)>0}. 

Let ® = {zeC:|z|<l} . Which of the 
following are correct? 

(a.) There exists a holomorphic function 
/:©->© with /(0) = 0 and /'(0) = 2 

(b.) There exists a holomorphic function 

/:D-+Bwith and = | 

(c.) There exist a holomorphic function 
/ :1D> -» B with = an d 

J 3^-3 




4) 4 


(d.) There exists a holomorphic function 
/ :D->D with = A an ^ 

"(j )- 1 


(c.) f ± 

\2J 4 


(d.) |/'( 0 )|: 


Let /(z) = z + - for z e C with z^O. Which 
of the following are always true? 

(a.) / is an analytic function on C \ {0} 

(b.) / is a conformal map on C \ {0} 

(c.) / maps the unit circle to a subset of the 
real axis 

(d.) The image of any circle in C \ {0} is again 
a circle. 

Let /:£>->£> be holomorphic with /(0) = 0 
and /'J = 0 where D = (z: |2| < l] which of 

the following statements are correct? 

<a -> HCH 

(b.) |/’(0)|<1 

(c.) /'^-j < jand j/'(0)|<l 
(d.) f(z) = z,z e D 


28A/11, (First Floor) Jia Saral, Hauz Khas, Near LIT, New Delhi-110016, Ph.: (0U)-26S37S27, Cell: 9999183434 & 9899161734,8S88844789 
E-mail: iufo(S>,dipsacademy.cpm; Website: www.dipsacadeinv.coiu 












1|3S OaUMMl 

i^aaaa^gEaEia^aJ 

, An ISO 9001 : 2008 Certified Institute __ 

8. For z e D of the form z = x+iy , define 




H* ={zeC:y> 0} 

H~ ={zeC:y< 0} 

L* = {z~e C: x > 0} 

L~ ={z eC :x< 0} 

The function f(z) = — +1 
v ' 5z + 3 

(a.) Maps // + onto // + and //' onto H~ 
(b.)Maps // + onto H~ and /Tonto // + 

(c.) Maps /T onto L* and /Tonto ZT 
(d.) Maps H* onto L~ and H" onto L* _ 

9. Let U be an open subset of € containing : 

D = jze€:|z|<l} and let /:t/->C be the 
map defined by \ 

f{z)-e v - a for aeD, ande [0, 2n], \ 

1 -az \- 

Which of the following statements are true? '■ 
(a.) |/(e ,9 )| = l for 0<9<2jt 

(b.) / maps |z e C: |z |< lj} onto itself 
(c.) / maps |z e C: |z |< l|} into itself 
(d.) / is one-one 

10. Let /: D -> D be holomorphic with /(z) = -^ 
and /f—1 = 0, where D = |z e C: |z| < lj. 


Which of the following is correct? 

(a.)|/'(0)|4 


(\\ a 

(b-) /' 7 ^ 

5 


(c.) |/'(0)| < ~ and /'(^j 
(d.) /(z) = z, z e D 


Define 

H* ={zeC:y> 0} 

H~ ={ze€:y <0} 

C ={zeC:x>0} 

F ={ze€:x<0} 

The function /(z) = —-— 
v ’ 3z + l 

(a.) Maps H + onto H + and H~ onto H~ 

(b.) Maps H* onto H~ and FT onto H' 

(c.) Maps H* onto L + and H~ onto L~ 

(d.) Maps H* onto C and H" onto L* 

The region, |zeC: -1 < Re(z) < l} can be 
„ mapped conformally onto 
(a.) the upper half plane. 

(b.) The annulus 

(c.) the plane with two pts removed. 

(d.) the punctured disk. 

z —i 

The transformation w = -maps 

z + i 

(a.) the upper half plane to itself 
(b.) the upper half plane to lower half plane, 
(c.) the upper half plane to unit disk 
(d.) the unit disk to itself 

An example of map which is conformal in 
the whole of its domain of definition is 

(a.) /(z) = z 2 
(b-) f{z) = e I+1 
(c.) /(z) = cosz 
(d.) /(z) = / 

Let /:C\{3/}—»C be defined by 

f{z) = - . Which of the following 

iz + 3 

statements about / is FALSE? 

(a.) / is conformal on C\ {3/} 

(b.) / maps circles in C\{3r} onto circles 
in C 

(c.) All the fixed points of / are in the 
region {z e C: Im(z) > 0} 

(d.) There is no straight line C \ {3/} which is 
mapped onto a straight line in C by / 


28A/1 1, (First Floor) Jia Sarai, Hauz Khas, Near I.I.T., New Delhi-110016, Ph.: (01 1)-26S37S27, CeU: 9999183434 & 9899161734,8588844789 
E-mail: info^dipsacademy.com; Website: www.dlpsacademy.com 












. 108 ^ 


' k »^f¥v-^V 24 ’ 


Assign ment Sheet -5. 


mmmm 


An ISO 9001 : 2008 Certified Institute 


The image of the region 
(z e C :Re(z) > Im(z) > 0} under the 

mapping'z l-> e z is 

(a.) {we C: Re(w) >0, Im(w) > 0) 

(b.) {weC: Re(w) > 0, Im(w) > 0, |w| > l} 

(c.) {weC: |w|>l} 

(d.) {w e C: Im(w) > 0 , |w| > l} 


Consider the function /(z) = -—~ and 

(z + l f 


19. Let/be a bilinear transformation that maps - 
1 to 1 , i to oo and -i to 0 then /(l) is equal to 

(a.) -2 

(b-)-l 

(c.) i 

(d) -i 

20. Let G! and G 2 be the images of the disc 
{z e C: |z + 1 | < l| under the transformations. 


(l-/)z + 2 , (l+/)z + 2 

... w"=i -(-and w = 7 -- 

\./l + i)z + 2 (l-/)z + 2 


g(z) = sinh z-, at*0. 

v 2 a) 

. • 

(i) The residue of / (z) at its pole is equal,to \ v 

1. Then the value of a is , \C, 

(a.) -1 \ X V 

(b.) 1 

(c.)2 , 

(d) 3 . ^ \ \ 

(ii) For the value of a obtained Gq^the'\~ 
function g(z) is not conformal at a point 'V~~ 

, , 41+30 


/r(3 + 0 


\ N 




(d.) “ 

2 

jl — iz 

Under the transformation w= /-, the 

V z-i 

region D = {z e C: |z| < lj is transformed to 
(a.) (z e C: 0 < arg z < jt\ 

(b.) {zeC:-;r<argz<0 

(c.) jz e C: 0 < arg z<^or n < arg z < 


(d.) jzeC:-^<argz< 7 ror ~ <argz< 2 ;r 


(aO' G, ={vve.C: Im(w) < oj and 

./ G 2 = {weC: tm(vv) > 0} 

\ (b.) G[ = {w e C: Im(w) > oj and 

\> — _ 

\\ G 2 = {w e C: Im (w) < 0} 

(c.) G, ={weC:|w)>2{ and 

G 2 ={weC:|w]<2j 

(d.) G, ={wec:|w)<2| and 

G 2 ={wec:|wj > 2}. 

21. Let vw = /(z) be the bilinear transformation 
that maps - 1 , 0 and 1 to -i , 1 and i 
respectively. Then /(l-i) equals 

(a.) -1+2/ 

(b.) 2/ 

(c.) -2+i 
(d.) -l+i 

22. The bilinear transformation as which maps 
the points 0,1,» in the z-plane onto the 
points -i,oo,l inw-planeis 


z + l 


, . z + i 
( c -) —7 
z — 1 


(d.) — 

z-i 
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The function /(z) = z 2 maps the I st quadrant 
onto 

(a.) Itself 

(b.) Upper half plane 
(c.) Third Quadrant - 
(d.) Right half plane. 

Let w = - -■-■ and / = —be bilinear 
cz + d rz + s 

(Mobius) transformation, then the following 
is also a bilinear transformation 

(a.) /(z)w(z) 

(b.) /{w(z)} 

(c.) f(z) + w(z) K 

V, '“‘s, 

/ 1 \ /. / \ 1 1 



\ x v 
\ \ \ 


(d) /(z)- 


2iz + 5 


The fixed points of / (z) = — — are 


vT' X> 

x. 


(a.) I*'’ v’-v, \ 

\ N. ' 

(b.) l±2f V.1 

(c.) 2z ± 1 
(d.) / ± 1. 

The function w(z) = -p- + tej,-l <6<1 , 
maps |z| < 1 onto 

(a.) A half plane 
(b.) Exterior of the circle 
(c.) Exterior of an ellipse 
(d.) Interior of an ellipse 


The transformation w = e w 4—— 

^z-I 

is a constant, maps |z| < 1 onto 
(a.) |w) < 1 if jp|<l 
(b.) |w| > 1 if |R| > 1 
(c.) |w| = l if |/»| = 1 
(d.) H = 3 if P = 0 


where p 


The conjugate (also called symmetric) point 
of 1 +i with respect to circle |z -1| = 2 is 

(a.) 1-i 
(b.) 1+4/ 

(c.) 1+2 i 
(d.) -1-/ 

2z 

The bilinear transformation w = - maps 

z-2 

[z:[z-l| <lj onto. 

.(a.) (w: Ren 1 < 0} 

{w'Mmw > 0} 

' S \ 

(c.) (w: Rew > 0} 

''(d.) {w:|w + 2j <l} 

The transformation w=X[z + orV], oreR 
maps the circle |z| = r (r * a) into 

(a.) Circle 
(b.) Ellipse 
(c.) Hyperbola 
(d.) Line 

The magnification factor of the conformal 
mapping W = V2e' rf/4 z(l - 2/) is 

(a.) 1 

(b.) 2 

(c.)3 
(d.) 10 

The circle a(x 2 + y 2 ) + bx+cy + d = 0 is 

transformed by /(z) = - into a circle the 
z 

centre of the circle is given by 


(a.) (■ 
(b.) ( 
(c.) [ 

(d.) f 


lab 

lac 

b 2 +c 2 

’b 2 +c 2 

-lab 

lac 

b 2 +c 2 

’ b 2 +c 2 

lab 

-lac 

b 2 +c 2 

’ i2 . „2 

b + c 

-lab 

-lac 

b 2 +c 2 

’ b 2 +c 2 . 
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If f(z) = e 1: -2iz+3 then which of the 
following is incorrect 

(a.) /(z) has infinite critical point 

(b.) scale factor of /(z) at every real number 
is defined 

(c.) scale factor at every point on imaginary 
axis is defined 

(d.) /(z) is not conformal 

The transformation z = acosa)+ibsino) maps 

x 2 V 2 

the ellipse —+T_ = i in z plane to 

a 1 b 

(a.) The real axis of w-plane \ 

(b.) The imaginary axis of w-plane 




The rectangular region R bounded by 
x = 0, y = 0; x = 2, y = 3 in z -plane is mapped 
into the rectangular region R of w -plane 
through the transformation w=V2e , *' 4 z this 
transformation performs 

(a.) A rotation 
(b.) A magnification 
(c.) A translation and magnification 
(d.) A rotation and magnification 
Choose the correct statements 
(a.) Let z l ,z 2 ,z 3 ,z 4 , are fixed complex 
\number then we can define at most 6 
. X^dijTerent cross ratio. 

(b'.)'The cross ratio is invariant under B.T. 
and this “property can be used in 
\ obtaining specific B. T. mapping three 
points into three other points 

(c.)A B.T. which maps z = 0,i,-i into 

.. '( I+Z ) 


w = i,l,0 as w = — 


(c.) An ellipse in w-plane 
(d.) The complete w-plane 


\ 'w 

V' 

\ \'w 


(d.) (z„z 2 ,zj,z 4 ) = 


(z, -z 2 )(z 3 ,-z 4 ) 
(z,-z 4 )(z 3 -z 2 ) 
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